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collection of iters, each having an associated key, such 
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I. I\*T?or-UCTIOV fl NT PACKf^OUM 



Priority cteues are imp 1 eren ted by using w eap, k-a^y 
tree, singly linked list, leftist tree, linked tr= a , AVI 
tree, ?— 2 tre° ar.d fixed priority property in this restart r . 
In order tc understand how these implemented methods work, a 
reader needs to be familiar with tne following ccr.repts. 

A d a i a i 5 a t - which refers tc the kinds cf data 
that variables may "no Id" in a Dr^gra" - . The simplest data 
types are tne fix°l-point values, floating-point numbers, 
logical values, and characters all represented as sequences 
of v its. Then 3 elementary data tyce^ are ^onsider-d tc be 
primitive data structures. However, to provide for 
nrccessirg °f ^cre complex information, it is necessary tc 
construct mere complicated data structures to s on ve as the 
internal represent aticr. of tne information. 

Tata lull'll - s a tern referring tc a set of elements, 
say D. Per example the data object integer refers to 
I={ C , tl , r2 , . . . 1 . r may be finite o r infinite and if I is 
v erv large, so°cial ways cf renrese r, tirj* i*s elements in a 
computer may be needed. 

A data structure can be defined as, the description cf 
the s ° t cf objects and, the specification o ^ t v e c e t of 
operations which may legally be applied to elements cf the 
data object. Tor integers, the^e woul* 5 b° t v e arithmetic 
operations - , - , * , / and perhaps many others such as rc c <* , d i v , 
greater than, less than, etc. The J ata object in: eg = r ~lus a 
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IsscriptiCT- cf hew etc. v =’-.av = constitutes a - ata 

structure defir.it ior. [14i . Data structures ar = designed to 
"'set t vc basic requirements: 

i) Tc represent the external information in a unicue end 
unambiguous ^ashler. 

ii) Tc facilate efficient nan i pul at ion of the data by the 



a::'i [:a s a r^c t ( i . e . . a 

n rj a r* 03 v » * r f 0 1 1 0 V 1 r .^ 



nnn-TMjr ar [ 1 3 1 . 

A ncie(usuallv called a record or a structure) is a 
collection cf data and links. Each its- in a node is called 
a field. A field can contain an array or a primitive data 
itoms, such as a character string, integer value, floati-p 
point value, it can contain a pointer to another 

none [121 . A _tree is a gram (set cf nodes connected by 
ed£:es) in v- ic^ there are r. c loops 
node f r or which every ctner - 01 ° c 
rvo a i * c i - their nrccsr directions). 

Trees are a species of nonlinear structure of 

considerable importance in computer science, parti- v e-aus= 
t.ney proviae natural representations for many sorts of 
rested data t u at occur in ccrnn.uten appl ica t ions , and partly 
because they are useful in solvinr a vide variety of 
sl«cori t’^mi c nrobl °rs . Th a re are several varieties cf tr a es 
which ^an be defined in a represer.tati on-independent ran ne-. 
pv a uarti nu la r ore which will be more interested m tb - s 
research is binary t r e e s : 

» oi najj. t.r.es. is a fi " ite set nf sle "— - 5 - '' allM ' o39S * 

w. si cr is erpty o- else satisfies tr.e followir.it: 
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i) There is a ii s ti r.^ui sned nod 3 called the root, and 
ii) the remaining nodes are divided into two disjoint 
subsets, L ana each of whi 3 h is a binary tree. 

L is t v e left subtree of the root and R is the rirht 
subtree of tne root [1?] . 

Pinary trees are represented or rarer, by di arrays su 3 h 
as the one in figure 1. If a node w is the root cf the 

lef t( ri^ht ' subtree of a node v, w is the left(ri^nt) child 

of v and v is the oar 3 rt cr father of w. 4 leaf in a tr 3 e is 

a node vnicn has no descendants. Leaves can also be called 

terminal nodes c~ external nodes, while nonleaves will he 
called internal nodes. The decree of a node in a ~ree is the 
« nr Vo p n, & s’- > 'tra c s it h a q T*' 3 lev°l cf t'^e ^ c * ic ^ and 
1 o y e l of ary other node is one plus th° level cf i r s T 'arer r . 
The height ' sometimes called the le^tn) cf a tree is t u 3 
maximum cf the levels of its leav®s . 4 c eyelet 3 binary tree 
is a binary tree with leaves or. at ~ ~s t two adjacent 1 3 i . t3 1s 
d~l a"d d ir which t h 3 leaves at the bottommost l 3 v 3 l d li Q 
in tne leftmost positions of d [13] . The second binary tree 
in firure 1 is corplete binary tree. Balanced binary tree_is 
a binary tree with leaves cr. at bottommost two l 3 v = ls. 




r irure 1. 
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Stacks and Queues a~e 
per^i t tei to <*rcw and contract 
d i s oi nl i n es f ^ r addir^ and 
mints . 

I~ a stack, all insertions and 
one end of a sequence. Sta 
1 as ~ iter inserted is the firs 
for this reason, they are sore 
this "las t-i n , firs t-out " nr ope 
Ir a Queue, all insertions are 
rear or back, all deleti 

called front. Queues hav 3 the 
inserted is the first i t e ”■ tna 
reason, they are s c~ et m es 
’' c t*i r r ' r r n - = r t ' r . 

linear order for their iters 
of arrival". Thus, queues are 
item under a "firs firs 
Ir. addition tc LI^Q a ^ 
"l arrest-in, first-cut" disripl 
follows this disciplire is cal 



sequences of iter, s. w r i r ^ are 
only by folio vim special 
r o n r v i n p iters at t * e i r — ^ ^ 



deletions are io n e at only 
c.*s have the property that the 
t ite r " that oa^ be r-roved a"i 
times called II TO lists, after 
rty . 

done at one end, called the 
ors are ^ o^ c at t r — ^ t ^ a r. ev id 
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A. '■'HAT IS A PRIORITY CUilT 



A priority is a lata structure wnich ’mlds lata 

iters with ar. associated priority. Irens can Oe inserted in 
the priority queue ir an arbitrary order hut at any river- 
tire only the iter v; i t hi the highest priority in the priority 
cueue ~ a y he accessed or deleted. Y o r <= pr a cisely, if C is a 
priority queue and X is an iter containing a priority fro- a 
li*- early -ordered set, tner following cue ra tiers ar- defined: 

C:sa rc ( ) Create a" ernty priority queue. 

I s- 1 pc ( C ) . . . . Test whether a priority aueu° is emty. 
Insert^ X,C;.. fi ud iter X to th c collection of item ir C. 
[ei 3^3 h • . i th p i 1 3 r wit 1 " th- h i ^ ^ a s t ^ r ^ c r i t y 

on y 0 C, If Z is err * v tnen ^el at e C. 

■° s st(C) Return f he iter wit 1 " tr.e hiyhes* priority 

Pfur.c(X) C c r u u t e t n e priority of the i t °r X . 

Trnoc a r- rcstly used to i ^ple^er. t priority cueu=s. tt . s 
it will be seen in the next chaoters, node represer. ^atiers 
are assured tc certain only a priority fi a ld, oc:rt=rs to 
anotr.er noass, and sore integer fields. Hut, in fact, in 



addi ti c- 


m this info 


ora tier, there ray he 


other nieces of 


inf cr.T.ati 


cn or pointers 


to particular events 


o r mbs whi ~b 


have to 


be executed. 


A node structure in a 


priority c u = u e 


can be in 


me i 0 "t: 







r'KiY!T!-- in ^"i 

i i j informationj 

I 1 \ + 

where the THY field contains the priority of the it orri , a^l 
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field. 'I' contains either data, events or joos which neve tc 
re executed. In tn° calculatior of a st^raee recuir erect f n r 
each rethoc. in the following section, 'I' will he u^-d tc 
indicate the si ? e cf either ieta,°verts cr jobs. ^uxilliary 
information field r on tains pointers tc another nodes, 
counts, balance factor..., etc. .which provide to rairtain 
t re priority queue structure. 
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B. PRIORITY QUEUE APPLICATIONS 



Priority queues can be used in sorting and selection 
problems. The id a a cf selection sorting is to fill the 
priority queue using successive 'insert" operations, and 
then emDtyinr the cueue by using "delete" c r era t i o~ ^ 

repeat edly [?] . An algorithm for this application of s 
priority queue has been given below where C is tne priority 
queue . 

Input: An array A cf N items. 

Output: Array A sorted into non increasing order. 

■dtc j v 

PC? i=l to to TC 

i r s 9 r t ( 0 , a [ 1 1 ) » ( ?ii add A [i] * o tn° ^^llectior^; 

( * c f i t e m s in 0 . * ) 

PC? i=l to :i EC 

4 [i ] : =ie 1 e t e (C ) * {* put the item with highest priority 
( v into output area. *) 



Priori: v queues also arise in certain ^rericel 
iterations. One scheme for adaptive quadrature maintains a 
priority queue ox subinterval whose union consti t utes the 
interval cf integration? each subinterval is labeled 
the es*ima f ed error committed in the numerical integration 
ov a r it. In each step of the iteration, the subirt^rval wit> 
the lances r erro^ is removed from the queue and hi sec tec. 



Then the numerical integration is performed ov°r these two 
smaller subintervals, which are inserted into the auet a . The 
iteration stops when the total estimated error is reduced 
below a prescribed t clerance L3] . 



An obvious application of priority queues is i 1 " 
operating and industrial practice for the scheduling of jets 
according to fined priorities. In this situation jobs with 
priorities attached enter a system, and the job r f highest 
priority is always tne ^ext to be e vo cuted. 3ut, in order to 
orevent a low- priority job from being: delayed indefinitely, 
the restriction to fixed priorities may be violated*"?]. 

Priority queues also improve the effi^i-n^y of seme 
w ®11 -hr. own grand algorithm's. In Kruskal's algorithm for 
computing ^inumum spanning trees (a rinumum spanning t~= o is 
a network of n nodes connected by edges with least n cst, 
where the cost of a network is the su^ of distar.<~=>s r f its 
edges), the procedure of sorting all edges and then scanning 
through the sorted list ca^ be replaced by inserting all 
edges into a priority queue and then successively deleting 
the smallest edge [2 , . Similar applications hav e been found 
for priority queu°s in shortest path problems whi^h commonly 



e on 


networks 


» c » ^] 


An algorithm 


in a pas^cl-lik® 


‘uage 


for compu 


ting 


spanning tr°e 


by u s i " g a priority 


:e has 


beer, giver. 


below 


, where S is t v 


e set of ° d g e s in 


nir.umu^ spanning 


t r e a 


and C is a prio 


rity qu~ue. 



If 



Input: Se 1 * of Q dges ^ach having a ~ost value associated 

w i t h it. 

Cutout: Set of edges which satisfy minunum spanning tree 
property. 

FIG I N 

C- = [] ; (* C is initially empty. *) 

7CF i=l to N EC 

ir ser t (C , edge i^» (* add edge i to the cclle^ticr *) 

(* of edges in C. * ) 

F OF i =1 to h LO 

edge=delet e ( C ) ; remove the edge with ninumur cost. 5 ") 
IT eig° °ar he added to G without forcing a leer T n T 
G=G edge ; ( * a d i ec.ge to the collection edges 
( # in G . * ) 

t.n r . 



Priority queues can also he used i^ the i^ole^en t £ t i or s 
cf hrarch-ard-hound algorithm:. In na^ticular they ar= us = d 
the 'best-first' strategy (als^ hr rv" as 
branching from the largest upper sound) [16]. 

Finally, Charters' crime number generator uses a 
priori 1 *;/ cueue in a scheme to reduce its internal storage 
recui rerent s Ls . ?1 . 2. L. Fox has mentioned that priori*;/* 
cueues are useful in implementing seme discrete programming 
algo ri t hr s [3 ,*] . 
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II. IMPLEMENTATION AND THE WORST CASE ANALYSIS 



In this section of the ”esearch, priority o u e v e is 
implemented by using a property of Heap, H-ary tree, Single 
lin.<ed-lis t , Leftist tree, Lintel tree, A^L-tree, ?-? tre°, 
and six priority. A node structure and bri°f algorithm for 
each method has been. given 

An addition to these methods indicated above, a priority 
queue scheme can also he implement 0 ! by using a P-tree 
structure which was discovered in 1°64 by Arne Jcrassen and 
01 e-Johan Dahl and a binomial cueue structure which was 
discovered in 1975 by Jean i/uille^in [31 . An implementation 
ar.d detail analysis cf a binomial cu°ue structure has bee’' 
studied by Prcvn ^arh Hcbbin in his Ph . L. Thesis at 
Stanford University. 

The analysis of algorithms is ouit° important in 
rc"* outer programming, because then®' are usually several 
algorithms available for a particular application and we 
would 1 i >e to know which is best. 

j" i rrnl o " OT :t ed method in this research ^ecuir 0 ^ various 
amounts of storage and time to perform it. In this section, 
the amount of spaces required to ^tcr° \ ! ite^s in a computer 
has been d e r e r m i n e d for each method, 7 n e worst case 
e f f i c i ° ~ c y Qf 3 priority queu° sch 0 ^- is defir.°d i ’ 1 t°rms of 
tne number cf i r.t er-.<ey comparisons and exchanges during an 
insertion and deletion process. ^ n i s a n * 1 y s i s i * lore i" the 
following way: 



1 ? 



Generally, a method which u^es a binary tr-e structure 
take [lcg^lj tire to execute. Because, they ere usually 
implemented as a recursive procedures. ari they call itself 
recursively at rest as many ti^es as the height of a tree 
whicr. is ecual to [lo^Nj if a tre a is Balanced. 



Th° height of a complete Binary tree with N redes is 
eoual to [lo?^ hj . 

P-007: A complete tir.ary tree of height h has at rest 2 ^ 
external n o a e s . Therefore, the number of internal nodes, n, 
is hounded above hy n <= 2^-1 (since the number of internal 
nones is a sum of the f^rm l ^P+4- 1 -. . . whi^n is a 



geore trie 
nodes, N , 



thus , 



series with sur 2^- 1 ). The total 

h , h+1 

is bounded by ? <= M <= ° -1 . ?ror this 

, h+l 

h <= leg M <= 1 eg ( 2 -1 ) < h + 1 

2 2 



•iri'r'V ar 



n f 






Since, eacn execution of a recursive procedure r eon ires a 
fix number of inter-key ccmpa ri sons (C ) , and exchanges f F ) , 
ths efficiency of an algorithm would be equal to C^lcm^'J 

times inter-key 

2 ' 

exchanges in the worst case. 



tires inter-kev comparisons and 7' leg N' 
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A. F7AP 

rr?IN'ITION: A. heap is a binary tree with so^-e s racial 
properties. A- tree is a heap if and only if it satisfies the 
following conditions. 

• 

1) All internal nodes (wit 1 * one possible, exception) ^ave 
decree 2, and at level a-1 (where 'd' is the depth of 
the tree) the leaves are all t ° the right °f the 
internal nodes. The rignt most internal at l°vel d-1 
^ay have degree 1 (with no right son). 

2) The priority at any node is greater than or equal to 
the priority at ea^h of its sors (if it has any 
sen) [121 . 

I. V PLHM?NT ATI ON : Heaps e~e not difficult r c implement. A data 
structure array is us°d to ir piemen t th e heaps. If A is an 
a "'rev, and n is the siz° of the array then the locations of 
A. are numbered fro r 1 r o n. This r,,i . rr beri^ n operation is dcre 
automatically by the computer w v °n t’ n e array is rr a et Q d. Th a 
integer value 'i' is used as a* index tc refer to th° i'th 
lccaticn of the array, (where 1 <^= i O n) 

These locations of the array car be represented as a 
node in the binary tr a e. This numbering is dene from i=ft to 
night and level by level (beginning with the root'. and 
illustrated in figure 2. 
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Figure 2 



IF the array £ is u s 0 d to in ul = rr, °rt t ^ 3 ^_oar> t^e s ao c r 
condition in tne definition of the heap can h e fo^relizei a 
f c 1 1 c v s i 

- a [i] >= 5 [?i] , end 

A [i] A [21+1] for (1 <= i <= j/2' 
where j is tne number of iters in the heap. 

7 i^ure 3(e) illustrates the binary tre° r n pr es^ r te t i o r o 
the heap with 10 items in it. (Is) illustrates th° arra 



representation of the same neap. 
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I N ? S TP T I n N : Let's suppose a n array a is already created ar.i 
index i is set to 1 to indicate the current last position of 
the heao. To insert the new item, first put it i"to current 
last position in the array and cell SIF?U P to satisfy h p ap 
prorerty. The algorithm for the siftup process is giver 
below. Figure 4 illustrates the insertion process. 

PRO CFEUPF S I FTU? ( i ) 

/* Adjust the binary tree with the last position 'i ' to 
satisfy the neap property */ 

IF i <= 1 TFFN exit 



I T A[i] is greater than its father T?FN 
?FGI N 

exchange A [il and its father, 
si ft up ( fa t her 's position of i) 

FNF 

FND SIFTUP. 



Figure 4. After insertion of priority 8 into figure 3(a). 



FLSF 
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DELETION: The highest priority item is always at the 

root. Save it in another place ana put the last item in tne 
first position. Decrease the number of items in the heap by 
1, and call procedure siftdown to satisfy the heap property. 
The algorithm for siftdown is given below. Figure 5 
illustrates the deletion process. 

PROCEDURE S I FTDCVN ( i , k ) 

/* Adjust the binary tree with root i and the last position 
k to satisfy the neap property. The left and right subtrees 
of root 'i',i.e. t with roots 2i and 21+1 already satisfy the 
heap property. */ 

IE i is a leaf node T^EN exit 
ELSE 

Find largest sen of 'i' 

IE the largest son is greater than A [ i ] T U EK 
EEC- IN 

exchange the largest son and A [ i 1 
s if tdown (larges t sen's nosit ion. k) 

END 

FMD S I r T D 0 V N . 



i 



Figure 5. After deletion of highest priority fro^ figure 2 'a;. 




A heap proper t y is usually us a d in heapsort algorithm 
which sorts ^r.e sequence of length n. A heapsort algorithm 
is slig w tly different from a heap algorithm whi^h is us 3 ^ to 
implement a priority queues in this research. Let a he an 

array initially containing keys 7 1 , K 2 , ^3 E n ir. 

locations A[l], A [?] A [n] . An algorithm heapsort which 

is given below tak~s th e array 4 as an input and sorts its 
keys into nondecreasing order. Heapsort algorithm takes 
0(nlOF n) steps to sort all sequences cf length r [ll . 

PROCEDURE HI ASSORT 

/* This is the corpl e t a heapsort algorithm which ta’^es an 
array cf elements A[i], 1 <= i <= r. as an input and arranges 
t v e el- ra n:s of A sorted into "ond°creasing order. */ 

LHC IN 

bui lineap »’ 

HO" 3 i =n STEP -1 UNTIL 2 10 
interchange A [l] and A [i ] 
si ft down ( 1 , i-1 ) 

IN L HEAPSORT. 

PROCEDURE RU I IE HEAP 

/* This nro^edure takes a* ar^ay of elements A[i], 1 i <= 
n and eives all cf A t^e heap property. */ 

70^ i = ! n/2 ! ST r ? -1 UNTIL 1 TO 
s i f t a cw n ( i , r ) 

IN D RUT LEFT A? . 
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n IA? INSFP.TION ycssT C a SE ANALYSIS : Suppose 3 'binary tree 
with \’-l ite~s in it which already satisfy the heap 
property. In the insertion process the worst case occurs if 
the priority of the rew iter is bigger than the priority of 
the root. The number of k °v exchanges and the key comparison 
required to find the prouer rositio^ for. the newly inserted 
iter would he eoual to the heirht of the tree. Because, at 
each level there would oe one key comparison an i o^e key 
exchanges between children and its father. In the worst 



case, the 


new 


item 


would cor® 


t c rest 


in a root, ana 


the 


heirh t of 


tne 


t re® 


would b® 


equal 


to [1 o e 2 & j £ f 


ter 


insertion. 


These 


cor 


'parisons a 


nd pxcha 


nges ar® handled 


by 



procedur® siftup and procedure siftup calls itself 

recursively at rost !lo? N ! tires. 

2 J 

HPA -0 TELETION WCEST CASE DIALYSIS: If the heir Ht of the tr°e 

is ecual to d= iloh N! after tne deletior of the u igh®st 

u 2 "* 

iter, the number of key comparisons which would he done 
procedure siftdowr, will he ecual t r 2d. This is because tb® 
rightmost iter at the bottommost level had been moved tc the 
root end has to be sifted down to satisfy the h®a? property 
af t°r deletion. At each ”ur. of the procedure siftdovn, the^e 
would be two key comparisons; one between left ar.d right son 
tc find the bigger sen and one between the birrer sen and 
its fath°r. The worst case occurs if the item at the root 
^c^es tc rest in a leaf at tne bot t^^n^st level, which in 
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this case procedure siftdcwn calls itself recursivly at nest 
i tires. 

The number cf key exchange^ would he equal tc d ^ 
because the ite^ at the root could be exchanged with bigger 
child of it along ary downward path at '-ost d ti^-s before 
cornins to rest, ana one exchange has beer., done between tne 
first and last iters before the siftdowr process. 

S TO HAG Z RECUIESrENT SCR A ESA?: A heap uses an array tc hold 
a priority of an iter. A potential drawback of neats is that 
they require a sufficiently large blo^x of contiguous 
storage to oe allocated in ad v an.ee > because the siz ° cf the 
queue at any giver. ri^e is not cncwr. and an array as big as 
the ^axirur size of the oueue has to be allocated. At ary 
given tire, if tnere are N iters in tne qu*ue f reouirei 
total storage would oe ecual to \ 7 units for priority fields 
and N*I units space for the information where, I is the size 
cf Information at each node. 



3. Z - ARY TREE 



TIE I 'll TIC!. 1 : A k-ary trees are a generalization cf binary 

trees. A fc-arv tree is a finite set of elements called 
nodes , which is empty or else satisfies tne following: 
i) There is a distinguished nod- called' the root, and 
ii) tne remaining nodes are divined into a disjoint 
subsets, each of which is a k-ary tree L 1 . 

The priority at any node is greater than or equal tc the 
priority at each of its sons (if it nas any). 

I. V ?LZKE:;TAT:CN: Implementation of the k-ary trees is very 
similar to the implementation of tne neaps. An array is also 
used to implement noaes in the k-ary tree. The numbering cf 
nodes in the *±-arv tree is illustrated in figure 5. 




Eigure 5 

If A is an array and there are n items in it. location 
A [n +1 ] contains zero as a terminal symbol tc indicate the 
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successor position of the last item in the it-ary tree. This 
terminate symbol is used in deletion process. 

Figure 7(a) illustrates the complete 4-ary tree with 10 
items ir it. 7(b) illustrates array representation of tne 
4-ary tree. 




Figure 7 

Since tne number of nodes on tne successive levels cf a 

o 

complete £-ar.y tree follows a geometric progression 1, a, a, 
3 

h,...., the relations shown celow can te usei to compute the 
parents, and the children, vatn the proviso tnat, for a none 
to exist, its node number must lie in tne range 1 to N, 
where N is tne total number of nodes in tne tree. 
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L IM.MA : 



1) parent (n) = (n + k -Z) div k 

2) i t h child c f ( n ) = £ ( n - 1 ) - i 



l<=i <=k) 



PROOF : 

for 2-ary tree: 

i) parent ( n) =(n + 2 -2) div 2 = n iiv 2 

ii) left cnild of(n)= 2 ( n-1 ) + 1 + 1 -- 2n 

i i i ) r 1 gh t child o f ( n ) =2 ( n- 1 ) + 2 ■+■ 1 - 2n + 1 

The relation (ii) can he proven by induction on n? 

For n=l , clearly the left call! is at 2 unless 2 > A ir. 
which case 1 has no left child. 

:iow assume that for all j, 1 <= j < n, left child(j) is 
at 2j. 



Then , the two nodes ir.rredi atcly preceding left child of ( n ) 
in the representation are the rignt cnild of (n-1), and tne 
left child of (n-1). The left cnild of n can he obtained by- 
adding 2 to the left child of (n-1) > 

2(n-l) +2=2n-2+2=2n 
unless 2n > ;J in which case n has no left child. 

Relation (iii) is an immediate consequence of (ii) ar.d 
the numbering of nodes on the same level from left to right. 
Relation (i) follows from (ii) and (iii). This is tree 
because of a cha rs c teri sti c of the 'div' operation on 
integers. I.e., parer. t(2n )-2n aiv 2~n and (2n + l) div 2-r f 
where operation n div k can be defined as the fleer of n/k, 
denoted , stands for tne greatest integer less than cr 
equal to n/s. 



For k-ary tree: 

i) parer t (n )=( n+k-2 ) div k 

ii) first child of (n)=k(n-l) - l + l=k(n-i) + 2 

iii) i'th child of (n)=k(n-l) ^ i f 1 (for 1 <= i <- k) 

The relation (ii) can he proved by induction on n, hy 

following the same method as above. 

For n=l , clearly tne left child is at 2 ( k( 1-1) J *2=2) 
unless 2 > in wnich case 1 has no left child. 

Now assume that for all j, 1 <= j < n, the first child of 
( j ) is at k( j-1 ) -*-2 . 

Then, the k nodes immediately preceding the first chili of 
(n) in the representation are the k ' t h child of (n-1), the 

(k-l)th chili of (n-1) the second child of (n-1), and 

the first child of (n-1). Tne first cnila of (n) can he 
obtained by adding k to the first chili of (n-1) ; 

k((n-l)-l) ^ 2 + k = k((n-l)-l+l) ^2 =d( n-1 ) + 2 

unless k(n-l) * 2 > U in which case r. has no first chili. 

The relation (iii) is an immediate consequence of (ii) 
and the numbering of nodes or. the same level from left tc 
right. Relation (i) fellows from (ii) and (iii). (Tnis is 
true because of a characteristic of the ' d i v ' operation on 
integers) . 

I.e., parent (k (n-1 )+i +1 ) = (k( n-1 ) +i +l+k) div k 

= (kn+i-1) div k K-i^-k 
for the first child (i=l) — kn div k = r. 

for the k'th child (i=£) — > kn-rk-1 div £ = n. 
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INSERTION: Let's assure tie array A is already create! and i 
is set to i to indicate current last position in tne array. 
In order to insert tie new iter, first put it in t is current 
last position of tne array, and terminate symbol zerc in its 
successor position, and call procedure SIETU? to siftup tne 
newly inserted component A(n) into its proper pcsiticn. 
Ei^ure B illustrates insertion process into figure 7. 

PROCEDURE SIJTUPd) 

/* start with iter A(i), find its father ana cor pa re tne~. 

If it is necessary, exchance them to satisfy Jc-a ry 
property. Process will be stoped wnen it is reached 
to the root. * / 

I? i <= 1 THEN exit 
ELSE 

fatner(i) = (i + & - 2) div fc 
IE pri ority (father (i ) ) < priority(i) THEN 
LEG IN 

exchange tne father(i) and A ( i ) 
sif tup(f ather ( i ) ) 

END 



~z o 



DEL IT I ON : Sines the highest priority is at the root, remove 

it and put tne last item in tne root position, ^ove t ne 
terminate symbol zero to predecessor of it, and decrease the 
number of items in tne it- ary tree by 1, and men cell 
procedure 3IETD0VX to satisfy tne l^-ary property. Ti^ure S 
illustrates tne deletion process from figure 7. 

PROCEDURE SIYTDOfcN (m,z ) 

/* start w’itn root n, an a last item z. */ 

IE m is a leaf node TUX' exit 
ELSE 

find the largest son of m 

IE uricrity (largest sen) > pricrity(n) THEN 
3isi:i 

exchange them 

sif tcown( tne largest son position of m,z) 

EXT 

ENL SIFTDCVN . 
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After insertion of priority 9 into fig. 7 and before siftup. 




After siftup. 



Figure 8 
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After deletion of highest item from fig. 7 and before siftdown. 




After one siftdown operation. 




Figure 9 . 
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The height of a complete >-ery tree with N f nodes is 

eaual to ! 1 og N ! . 

k - 

FFOCF: Sir'*' 3 , the number of nodes on the successive levels 

of a complete k-ary tree fellows a geometric progressions 1, 
2 3 h 

>, k, k , . . . k f the total number of roles, M, in a complete 

k-ary tree of height h is hounded by, 

k. 

X + 1 <= :J <= T3 1 . 

i=0 



Lj 

1T0 



v h -l 






1 <= M <= 



- 1*2 

2 



> h+ h 



N < = 



fro"' this, 

v h +i k h+ -l 

Ice ( ) <= log N <= log ( ) 

x 2 k k 2 

h , h+1 . 

log^(k +1) - log k 2 <= log k :i <= log^K -1) - log k ? 

for the left hand side of equation 

h - 1 0 e ]<h < log k (k Mj - lc g]^ <= lcg k \' 

since h < log k (k + 1), also for k >= 2 lcg k 2 <= 1. 

Sc, h - 1 <= h - log k ? 

thus sunning up n - 1 < lcg^ 1 . 

for the rimt hand side of equation 

(h*l) - los k 2 > lc §k (ic h+ -l) - lc=? k 2 >= 10fJ k M 

sires £*1 i> 1 0 ? — 1^, also fc- k y~ 2 1 

k k 

5c, £*1-1 t*l-lcg 2 

thus sunning up n + 1 N log N. 



Since h-1 < lcg k ! < h+1 clearly h = ilog^!. 
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S-ASY TREE INSERTION VO* ST CASE ANALYSIS: "’his analysis is 
very similar tc the insertion worst case analysis of the 
near. The only difference is the deoth of tne tree which 
wculd he equal to d — ^log^N i where it is the decree of th e 
tree c r, i N is the number of item in the tree after 
insertion. Rases cf logarithms can he changed to base 2 hy 
usins form la; 

log N 

log N = * 

2 l 0 ^k 2 

K-AFY TREE DELETION WORST CASE ANALYSIS: A k-ery tree 

deletion algorithm dees d+1 exchanges cf keys (as in the 
heap) with depth i= J^lrg Nj , after the deletion. 

The number of key comparisons would o e equal r e 
( (k-1 ) +1 ) !=>*! because, k-1 conparisons are made between k 
sons in order to find the bigger son and one comariso 1 " is 
made between the bigger son and its father: a total of k 

ccmrarisons ere done at each run of the procedure siftacwr 
and this procedure call itself recursivly at most d tim-s. 
So, delation take 0(lo£ N) time. 

S TO FACE REQUIREMENT ECR A Y-A RY TREE: This method else uses 
ar array to noli a priority of a 1 " item and storage 
requirement wculd be the same as in a heap. I.e., n units 
for N nod°s, and N I units for information. 






C. SINGLE LINKED-LIST 



DIE I M IT I CM : A single linked, list is a finite sequence of 

nodes such that *ach has a pointer field contains a ocinter 
to the nex t node 113] . 

A oointer to the list, i.e., to the first node, is 
called EE CM? , ana a pointer to the last node, is called 
BACK. The priorities are arranged in decreasing order from 
EEONT to BACK. 



iyhLE^BNTATI ON : Eacn node in the linked list is of the for-? 



! info 


! 

1 i 

! link 







where the li nit field contains the pointer to the next node, 
and info field contains the priority of the item. Initially, 
the empty linked list contains only tne empty pointers FRONT 
and BACK, Figure 10 illustrates the single linked list with 
4 i terns in it. 




Figure 10 
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INSERTION: In order tc aid a new node X to the singly linked 
list, straight insertion' method is usen. The straight 
insertion involves two basic operations: 

i) scanning <=n ordered linked list, starting at FRONT, 
tc find the largest priority less than a priority 
of new item, and 

ii) inserting a new iter, into a specified part of the 
ordered linked list. 

As a result of insertion, tre highest item will he linked to 
tre FRONT. Figure 11 illustrates the insertion operation. 
PROCEDURE INSERT ( X ) 

create a new node and initialize 
IF priority(FRONT) < priority^) T tj EN 
1 i rk( J . ) =FRCN T 
F? CNT=X 
ELSE 

find the node with the largest priority less than 
the priority (a) . 

IF it is reacnsd tc the FACE THEN 
lir>(3AC*.}=X 
BAC£=a 
ELSE 

let V% T oe the pointer tc the predecessor of that iter 
1 i n £ ( X ) =1 i n k ( to ) 
link( V ) =X 



END INSERT 



PILZTICN: Sines the highest priority in the linked lis 
oe pointed oy FRONT, save it in somewhere, and li 
IRCNT to the successor of the highest iter. Tigu 
illustrates the deletion operation. 

PRC CZI7RZ IEL2TZ 

I? there is only ore iter in tne queue THEM 
?RONr=ni 1 
3ACR=ni 1 

7T C V 

??.C?l?=li nic( F?CN? ) 

"7* M r, •pr T V m V 



'TC 



will 
> tne 
e 12 



FRONT 



BACK 





Figure 11. After insertion of 4 into fig. 10. 



FRONT BACK 




Figure 12. After deletion from fig. 11. 
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LINKED LIST INSERTION WORST CASE ANALYSIS : The worst r fi se 
occurs if the new item is smaller than the srallest key in 
the queue. In this case, N-l comparisons of keys ere needed 
in order to aid the new item to single linked list, if there 
are N iters after insertion. There would not be an 7 
°x changes cf keys. So, insertion takes 0(N) tire. 



LINKED 


LIST DELETION 


WORST 


C AS E ANALYSIS: 


Deletion from 


sinrle 


linked list 


takes 


constant time; 


since a pointer 


FRONT 


roi^ts to the hi 


ghest 


key in the queue, 


, FR°NT will he 


linked 


tc ♦he successor of 


the highest i f em 


after deletion. 



There would not he any comparisons and Q xchar fc es of keys. 

STORAGE RECTIREWEN’T 1 0* A SINGLE LINKER -LIST : Each node in 
this r.etnoa contains one pointer field and one priority 
field. In addition to toe nodes in the cueu°, there are two 
pointers which point the front and the ha^k cf the 
linked-list. If there are N ite^s in th Q queue, recuired 
storage would "be N priority fields, N-*-2 pointer fields, and 
N*I units space for the information where, I is the size nf 
information at eacn node. 
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P. IFFTI5T T^FF 



FF^IMITICM: \ leftist tre° is a linked binary tree with sc^e 
special properties which mentioned below. It was discovered 
1 r 1 9? 1 by Clark A .Crane [91. i leftist tree has the 
following advantages ever a heap. 

l)Inserticn and deletion take T(log N) steps, and 
insertion and deletion take constant tire in the case that 
insertion obey a stack discipline. 



2 ) The records never move, only the no inters change. 



3 ) I r ic possible * 0 nerp 0 two disjoint priority cueues, 
having a total of N elements, into a single priority 



d r or Iv c ( 1 c g 


N ) steps. r "ha t is 


why leftist tr c °s 


a: c 


^ui^ab^ 3 ^ r r 


applications when 3 


fast t 0 r ring 


5 s 


r ec ui red [ 4 , 9 ] . 








T wot v v t \J 7 & m t nv . 


data s t r u c t u r 


a r or *crd is us c d 


t 0 


implement nodes 


in the leftist tree. 


it £ c h node is in 


t h e 


^ c r r ' 








h* 


llink info rlink 

1 1 ■ 






1 

1 

1 

1 

1 

i- 


left ! ~55§I-i right! 

KEY ] | 







Fhere the llink ana rlink fields contain pointers left and 
right to the r. n i 0 s corresponding tc tne left and rient 
descendants r f tne ^ c d e . Th 0 pointer fields are set to nil 
if the corresponding descendants ere erpty. The FIST 



field 



D 



shortest path ree- 



ls always set equal tc the length of the 
that node *o a leaf, and the hr? field, contains the priority 
ef the iter. The ^ ZY and FIST fields in tne leftist tr ao 
satisfy the following properties? 

1) KFY(?) >= ryv ( lef t ( P) ) 

YF V (?> >= KFT(right (?) ) 

2 } riST(?) = l j -^IN(PIST(left(?M, - 1ST ( right (?) ) 

?) fIST( lef t (?) ) >= IIST( right (? ) } 

Relation 1 is a n a 1 c g c v s to the heao ccr.diticn (2) stated i r 
definition cf heap. Relation 2 irplies that a shortest path 
tc a leaf -ay always he obt aired by roving to r he right [R] . 

The leaf nodes in the leftist tree do not hold any 
inforration, and contain erpty left a* 1 ! r i g h f ^oi^ters, end 
zero TIST and KEY fields. Figure 12 illustrat°s a leftist 
tre° with ® ite— s in it, where the first nur h er at e a n h nc^e 
is a KFY a*"d second nurher is a II C T. 




Figure 12 




INSERTION: Search for r h e rev node, starts at root ?. If the 
KFY(P) is greater than the KEY of new ite^, travel is .Tale 
thru subtree whose height is sraller than the other, 
otherwise KEY exchanges are rt ad e and then travel is rrade in 
the sane fashion. The algorithr for insertion is given 
below. Figure 14 illustrates the insertion process. 

P^OCEPUPE IN SEPT ( PPTY ,P ,H ) 

/“ Insert the new ite m with prio r it 7 PRTY into leftist tree 
with root P. P is a boolean variable and is set TRUE if ? is 
a leaf node. */ 

I? P is a leaf node THEN 

create a new node and set FIST field equal to 1 

eo£ n ~ t^U® 

P LSF 

IF priori ty(P ) >= PP-TY THEN 

IF D 1ST ( right ) >= DIST(left) THEN 
INSERT ( PPTY , lef t son of P f H) 

H=fal se 
ELSE 

IN SEPT (PPTY, right son of ?,E) 
update DIST field 

ELSE 

exchange PPTY and priority(P) 

IN SEP T ( PRTY , P , H ) 

7M7 T !\j c T? V fp # 



DFLTTI C TJ : Sines tne highest priority iter is always at "he 

root, it is only necessary to remove the root and nerre its 
two subtrees. First the bigger sen of the root is ~ade root, 
and then procedure MERGE is called. In mergine process 
travel is always made thru the left branch. If it is 
necessary, tne priority exchanges are male during travel. 
Figure 15 illustrates the deletion process. 

PROCEDURE DFIETE(P) 

/* Remove the root P ana call procedure MERGE to merge two 
subtrees, pointed tc respectively by ?. and C. */ 

IF Ley(R} > Ley (0) THEN 
ra>e R root 

MERGE (v , left son of R) 

ELSE 

maLe 2 root 

MERGE (R t left son of 0) 

t' ' r ''7T 7^7 

PROCEDURE MERGE (PI , F2) 

/ ;? Merge two disjoint trees, pointed tc by ? 1 and PE */ 

IF P2 snows leaf node THEN P2-P1 
ELSE 

IF Ley (FI ) > Ley(PE) THEN 
exchange PI and PE 
MERGE ( FI , 1 eft son of P2) 

ELSE 

MERGE (?1 , 1 ef t son cf P2 ) 

END MERGE. 
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Figure 14. Insertion process of 10 into figure 13. 
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Figure 15 . Deletion process from fig. 13 . 
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STEP 5 




Figure 15. Deletion process from fig . 13 (continued) . 
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LEFTIST TPFF INSIPTION V.’ORS? Ca.S^ ANALYSIS: Insertion is 
bcS? 1 ! on the LIST field which sh^ws the shortest pet^ fr^m 
that node to a leaf. The search path is always chooser thru 
the sraller DIST field, it rears thru the shortest pa f h to a 
1 a a f . 

A worst case occurs if the priority of the new item is 
5i<2er than tre priority of tne root and the shortest path 
is equal to the longest path, in which case a leftist tree 
would be corpletely balanced and the height of a tree would 
b° if there are N items in it after insertion. 

There would he one key comparison at °ach level 

including lev a l 2 1 anu one TIST field ccmpar iscns of left and 

right sors; total j^log Nj + 1^1 og 2 ^ j = Z'^lo^Nj* number 

of key exchanges would he as many as the number of k°y 

comparisons which is eaual to [log Nj . 

w 2 

LEFTIST T? 7 ! EEL^TIDN V’OP.5 7 CAS* 1 ANALYSIS: Let's call the 
left son and right so^ of root L end P. The worst ^ase 
occurs if the right subtree has only one element, whose key 
is tne smallest in the tree and the right pointer of the 

nodes in the left subtree, points to the empty node. This 

case illustrated in figure 16. After the deletior. of the 
highest key at the root, L would be the rev root and the key 
of ?. has to be compare with all keys of the left subtree of 
L. The number of comparisons would be equal to N-l if ther a 
are N items in the tree after deletion. 




figure 16 

STORAGE RZCU IF EMFNT ^0^ A L r ?TIST TEFI: In this 

ir-plerrenta t i o* all information about the iters is held by 
the internal nodes and th- external nodes certain no 
inforration. If there are M iters in the queue the^e won Id 
he N’ + l empty external nodes* total 2N -*-l rodes. Each node 

contains two pointer fields and two integer fields. The 

storage reaui rerent for this method would be 4N-2 integer 
fields, 4N ^-2 pointer fields, and N*I units snace for 

information wnere, I is the size of information at eacn 

node . 
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LINKED T^FF 



Another impleren ta t ion of a priority queues car "be done 
by using linked binary trees, Figure 18 illustrates tne 
linked binary tree representation of the binary tree shown 
in figure 1?. 

DEI IN ITICN : A linked. tree is a binary tree with sore special 
properties . 

1) The key at each node is greater than or equal to 
the key at each of its son ( if it nas any ). 

2) Each nod 3 contains tne number 'of descendants of 
itself. This value is set to zero if tne node 
does ^ot have any descendants. 

3) Insertion of the new item into tree without any 
deletion provides completely balanced binary tree. 

The deletion of two cr more items might destroy 
balance of tne tree, but subsequent insertions 
will force the tree to oe balanced. 





Figure 17 



figure lb 
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is used 



IXPLFMINTATICN : 
implement nodes 



The data structure RECORD 
Each node is of the form: 



11 ink info rlir.it 

-h +■ r 




t 0 



where the lli nk and rlink fields contain pointers left a^d 
right to the nodes corresponding to tne left and right 
descendants of node. Tne pointer fields are set to nil if 
the corresponding descendants are empty. The KEY field 
contains priority of the iter;, and the DESC field contains 
the number cf descendants in the tree. Since th a leaf nodes 
don't nave any descendants, RISC field of the leaves are 
always set equal to zero. 

INSERTION: Before calling procedure Insert, a new node is 
created and initialized in the main program. Insertion is 
mainly cased on tne DESC fields of the nodes. Searching 
started from the root and traveled thru tne smaller IESC 
field. If tne DESC fields are equal of the left ard right 
sons, travel is made thru left brancn. Tnis method will 
first fill left sons and then right sons from left tc right 
at particular level. If tne sey cf the new item is greater 
than any key of the node or the travel path, only the key 
exchanges are made, and travel continues until it nas 
reached the leaf nodes. Yisure 19 is the illustration of 
insertion process. 
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V * / 



PROCEDURE INSERT (W ,?R?T ) 

/* insert the rev key PBTY, into linked tree with 
I? key ( W ) >= PRTY THIN 
BEGIN 

II left (V ) = nil THEN 
link new iter* tc it 
ELSE II rignt(W) = nil TnEN 
link new iter to it 

ELSE II I ESC ( 1 ef t ( ’a ) ) > IESC ( right ( V) ) THEN 

BEGIN 

r .v’ : =right (V ) 

DISC ( k ) : =DESC (V ) + 1 
I NSERT ( V: ,PRTY ) 

END 



PE GIN 

= 1 e f t ( V. r ) 

DZSC(k) :=EZSC(V.) + 1 
I N SEHT ( V." , ? R T T ) 

END 



ENT 



ELSE 



BEGIN 

Q xchance key (Y ) and PHTY 
INSERT (’/ f PRTY ) 

END 



END INSERT. 
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root 



D^LET 


ION: 


Since 


the highest key at the root 


♦ only 


remove key 


field 


of 


the 


the root and move the bigger 


son's 


key to the 


root, 


and 


t r avs 


1 thru the -cved son. This process 


continues 


until 


it 


has 


reached the leaf nodes. 


"•he r ® 


is not a ny 



rebalancing process. The deletion process is illustrated in 
figure 22 . 

PROCEDURE DELETE(X) 

/* delete the kev(root) t without deleting root, and siftup 
the bigger son's key and travel thru the moved sen. */ 

17 key ( lef t ( X ) ) > key ( right ( 1 ) ) TEE N 
*EGIN 

move key (lef t (X) ) to key(X) 
decrease the DE5C field of left(X) by 1 
17 it has reached the leaf nod® THEN exit 
ELSE delete(left(X) ) 

END 

ELSE 

HIS I N 

move key (right (X) ) to key ( I ) 
decrease the DISC field of right(X) hy 1 
IF it has reached the leaf nod® T n IM exit 
ELSE delete(right(X)) 

ENT 

e::d delete. 



o3 




Figure 19. After insertion of 9 into fig. 18. 




Figure 20. After deletion from fig. 18. 
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LINKED m FI! INSERTION yOPST CAST ANALYSIS: In this rethod, 
insertion based on the TTSC field of the r. A d e $ a ^ d travel is 
always made thru tne sraller DTSC field, it reans always the 
shortest path (fro: r root to the leaf) is traversed during an 
insertion process. Tne worst case occurs if the priority cf 
the new iter is birder than the priority of the root ana the 
shortest path is ecual to the longest path, in which '-ase a 
linked tree would oe corrnletely balanced, and the height cf 
a tree would oe [^los^ Nj if there are N iters in it after 
insert! on. 

There would be one key comparisons at ®ach level, 
including level ? and one DTSC's field comparisons of left 
and right sens? total ! 1 o^r N j * !lcg Ml - 1 - 2! lor X' - 1 . 
The rurber of key exchanges would be as ra^y as the "urber 
cf key comparisons which is equal to 

IINT3T ?? r ~ LFL T TION FOPS ? CAST ANALYSIS: Sir.c® there is rot 
anv rebalancing process in tne linked tree, deletion frer 
the tree could unbalance it. 

The verst case occurs if there ar° two iters at each 
level in the tree (except level zero), and small priority at 
each level does not nave any descendants. This worst "'ase 
situation is illustrated in figure 21 and tne bigger iter at 
each level has filled with cross sign. In the worst case the 
height of the tree would be N/? if there are N iters in the 
ausue before deletion. Since there is one key cenpa risen and 
one key ercha.T.^e at each level, total N/2 key comparisons 



E K 



and key °xcha r.~e s are needed after the deletion cf priority 
at the root. 




IT 5 r* o P 2. 



STORAGE RIC'JIHE 


ME NT 


TOP. J LINE 


PD T^PE: r h r c^ 3 


contains 


two pointer 


fields and 


two integer fields 


i 13 


this 


impl erenta t i on . 


If 


£ S ~ 3^2 ^ 


i t e n s in the q ue u a , 


r a cui red 


storage would 


b e 


2N pointer 


fields, ?N integer f 


i eld s , 


and 


N*I units space 


for 


the information where I is th a 


size 


o f 



information at eacn none. 



he 



F. AVL THE I 



Adels on-7el s£i i and Landis in 19*52 introduced a "binary 
tree structure tnat is balanced with respect to the heights 
of subt rees L9] . Tne height of a tree is defined to be its 
maximum level, the length of the longest path fror the roct 
to an external node. 

LEE INITIO N : A. binary tree is called balanced if the height 
of the left subtree of every node never differs by more than 
+ 1 or -1 from the height of its right sub tre= L£l . As a 
character! st ic cf AVL tree, the priority of the left scr is 
smaller and priority of the right son is bigger than its 
parent's priority. Trees satisfying above definition are 
often called AVL-TEEES after their inventors. 

As a result of the balanced nature of this type of tree, 
dynamic retrievals can be performed in 0(log N) tire if the 



tree 


has 


N nodes in it. 


A new node 


can be entered 


or the 


rode with 


highest oriority 


can be delet 


ed from such a 


t r — p 


in 


tire 


0 ( 1 eg N). The 


resulting 


tree remains 


height 


balanced . 


Figure 1 snows ar 


A Tf L _rT1 ~ r i 


with M =7 , and 


’"C-de 



structure . 




Figure 22 
.*? 



lYPIE^ENTATICN : Each node in the tree contains a KEY field 

containing the priority, 5 LEFT and PI^ET pointers which 
ocir.t to th c cor responding left and right descendants of a 
node. The BALANCE field which ray have either -1, F, or J -1 
to indicate the differences of the reight of the left and 
right subtrees. If L and P indicate the left and risnt 
subtrees of the node ? respectively, then th- BALANCE factor 
at ? has tne following meaning: 

BALANCE ( P ) = -1 : heifffct(R) = height(L) - 1 

3ALANCI ( P ) = P : heirht(H) = height (L) 

'ALJ'NCT(P) = *1 : hei*ht(E) = heisht(L) + 1 

INS EFT I ON : In order to insert a node with priority X into an 
AVL tree, the proper Diace has to be found by making search. 
Search starts from root, P by comparing XZY(P) with X. If 
tne new iter is less than the KEY(P), travel is made thru 
the left branch, otherwise tnru the right branch until it is 
reached to the leaf node. Ar. insertion of a new item to an 
AYL-Tr.EE, ?iver a root P with the left and right subtrees L 
and R, causes tree to have different '"ases. If the new node 
is inserted in tne left suotree and caused its height to 
increase by 1 ; 

1) heieht(L) = hei*ht(P):L and P become of unequal 

height, but the balance criterion is not violated. 

2) height(L) < height (?):L and ?. obtain equal height. 

3) hel&ht(L) b heirh t (R ) : The balance criterion is 

violated and tree must be rebalanced [5]. 

The rebalancing is carried cut using essentially four 



different £ir.ds of rotation LL f RR, LR , and RI . If 
rebalancing is necessary after the insertion . only one of 
thes° rotations will b e sufficient to rebalance the tree. 
These rotations are characterized by the nearest ancestor, 
A, of the inserted node X, whose balance factor was already 
X 1 or -1. The following characterization of rotation types 
is obtained. 

LL: The new node X is inserted in the left subtree of the 
left subtree of A, where A is the nearest ancestor of the 
noae X, whose balance factor was already -1. ^he al^orithr 
and e x a ~ o 1 e is shown below. 

LL ROTATION ; 

/* Balcr.ce(P) = -1, and balance ( left ( F ) ) - -1, where P 
is the pointer to A * / 

?1 : =1 ef t ( P ) 

lef t (?) : =r irh t (P 1 ) 

rifrh t (?1 5 : =P 

Balance (?) :=? and P:=P1 
2M LL POTATION. 



-1 
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Figure 



LL Rotation on ?. 



LR: X is inserted in the ri=*ht subtree cf the left subtree 

of A, where A is tne nearest ancestor cf the rede 7, whose 
balance factor was already -1. The algorithm and example is 
shown below. 

LR ROTATION ; 

/* balance(P) = -1 and ha lance ( left ( P ) ) O -1, where P 
is the pointer tc A. */ 

Rl:=left (?) 

?2:=ripht(?l) 
right (?1 ) :=left (?2) 

1 eft ( P2 ) : =P1 

lef t ( ?) : =r ight (F2 ) 

right(PZ) :=P 

readjust talanc e (? ) and balance(Pl) 

P : =?? 

RNE LP ROTATION. 




Figure 24 



I R Rotation on P 



?.?: X is inserted in the right subtree of the rirht subtree 
of A, where * is the nearest ancestor of the node X, w r. c s e 
balance factor was already +1 . The algorithm and example is 
shown oelcw . 

PR POTATION ; 

/* balence(P) = +1 and balance ( right (P ) ) = +1 , where P 
is the do inter to A */ 

PI s =rish t ( P ) 
right (?) :=lef t (?1 ) 
left (PI ) : =P 
balance ( P ) :=2 
P : =?1 

IN D PR ROTATION. 




Figure 25 P R Potation cn F. 
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RL: X is inserted in the left subtree of the riffht subtree 

of A, where A is the nearest ancestor of the role X, whose 
balance factor was already -1. The algorithm for RL rotation 
and example is shown below. 

RL ROTATION ; 

/~* balance(P) = +1 and balance ( right (P ) ) <> +1, where P 
is the no in ter to A. */ 

Pi:=rieht(P) 

P2:=lef t (PI) 
left (PI ) :=right (P2 ) 
right (P2):=P1 
righ t ( P) :=lef t (P2 ) 
lef t(P2):=P 

readjust balance (P) and balance(Pl ) 

P : =?? 

riz RL ROTATION. 



o 



0 




Figure 26 RL Rotation on P 



PROCEDURE I N SEP.T ( X P , E 5 

The new i ten X is inserted into the AVL-TP77 with r^et 
His true iff *he subtree height has increased. */ 

II P is leaf node THEN 

create new node and initialize, 
set H true. 

ELSE 

17 X < lcey(P) THEN 

I NS7R?( X , left son of ?,H) 

IF E=t r tie THEN 

CASE balance(P) OF 
2 : balance (P )=-l 
1 : balar.ce(P )-2 and H=false 
-1:17 balance (left ( P) ) = -1 THFN 
do LL rotation on P 
balance (P ) -2 
ELSE 

do LE rotation on P 

update balarce(P) and bale nce( left (P ) ) 
oa lance (P)=0 and H- false 
ELSE do nothing. /'* H=false */ 

ELSE 

INSEHT(X f ri#?ct son of ?,?) 

17 H=true THEN 

CASE balance (?) ^7 
2 : balance ( P )=1 

-l:bal ance(?)=2 and H=false 



1: IE ba lance ( ri<?ht ( P) ) = 1 THEN 
do PF rotation or P 
balance(P)=2 

ELSE 

do PL rotation on P 

update balance(P) and balance( ri£*ht ( ~ ) ) . 
balance(P)=2 and H=false 
ELSE do no thins* /* E=false */. 

Nip INSEPT. 



-1 -1 




After insertion tne priority 4 into After rebalance 

figure 2? and be for 3 rebalancing 

Figure 27 
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T FLIT I ON' : A deletion from an AVL-TRES could unbalance it. 

The rebalancing operation remains essentially the sen* 3 as 
for insertion. Since the highest priority is always at the 
rightmost node position, only LL and L Q rotations are needed 
to rebalance the tree. A boolean variable parameter E has 
the meaning "the height of the subtree has "been reduced. 
Rebalancing has to be considered only if E is true. 

? HOC SCURF ISLETS ( ? ,H ) 

/* Start v. r i t h root P ard travel thru the right scr. until the 
rightmost node is found. Remove it and rebalance the tree by 
traveling back tnru the root. */ 

find the rightmost node and delete it 
travel back thru the root , and 
call ? A LANCE (P , n ) if necessary. 

SNC r v l v m p a 



PROCEDURE ? A LA N CS ( ? , E ) 

/* This routine is called if E=true; the right branch has 
oeco^® less hign. */ 

CASS balance (P ) 

1: balarce(P)=Z 
d\ balance ( ? )=-l E=false 
-1: IE balance( lef t (? ) ) <= ? TEEN 



do LL rctatior 



uni ate balance(P) ani balanc=(left(P)). 



21SF 



do IP rotation 

update balan ce(?) and balance ( 1 eft ( P )) . 
FNI BALANCE . 




Figure 2 P After deletion of highest iter* and LL rotatin’ 1 
frcrr figure 22. 
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4 VL-??FF INSERTION VCRST C 4 SE ANALYSIS: In order to find the 
^axirur height of an M T L tree with N roles, consider a fixed 
heigh* (h) ana try to construct the AVL tree with the rinurur 
number cf nodes. The following analysis arrears in 
reference [6] . 

First of all, let's take N nodes and attempt to arrange 
them to produce the AVI tree of neatest depth. Th° idea is, 
systematically to favor the right(left) subtree by using the 
least number of nodes to create the left(right N subtree cf 
height (h-2) and the least possible number to produce a 
right (left) subtree of neigh t (h-1). a s a result, if we 
include tne root, the height of the tree would be n. 

Since the balance property of an AVL tree must hold for 
all subtrees of an AVL tree, similar conditions rust hold 
recursively for the left and right subtrees. Figure 29 
illustrates a sequence of such right-leaning AVL trees cf 
deepest extent fcr N nodes. 







Figure 29. 
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The number of nodes in the left and right subtrees cf the 
trees in figure 29 are given in table 1. 





number cf 


numbe 


r of 


number of 


f ibGnacci 




noaes in 


nodes 


in 


nodes in 


numbers 


height 


left subtree 


right 


subtree 


whole tree 




n 


0 


e 




1 


C 


l 


2 


1 




2 


1 


2 


1 


2 




A_ 


1 


3 


2 


4 




7 


c 


4 


-i 


7 




12 


■t; 


5 


7 


12 




20 


5 



Table 1 



It is easy tc see that there is a recurrence relation that 
characterizes tne numbers in eacn of the columns of this 
table, nanely: 

- h = 1 + "h-l + : 'h-2 where, G 0 = - and. Gi=-- 1. 

This recurrence seems to be a close relative cf the 

recurrence relation for the Fibonacci sequence (The 

Fibonacci numbers are a sequence cf integer defined by tne 

recurrence relation F .= 7 + F. for i > 1, with boundary 

i l-l i-7 

conditions F = d and. F = 1 ) 

0 1 

In fact, comparing the Fibonacci sequence 



3,1,1 ,2,3,5,6,13,21 

to the r.urters in the columns of Table 1 suggests that "^is 
just one less tnan so~e corresponding Fibonacci nurber 
C h =F for this reason, the trees cf Fig 29 are called 
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Fibonacci trees. Since these Fibonacci trees have the fewest 

nodes a^ong all possible AVI trees of height n, as indicated 

oefore the number of nodes in any AVL tree of height h obeys 

the relation N >= G h ; so, 

M >= F - 1. 
h+3 

3ut the k'th Fibonacci number 7 is bounded below by a newer 

k 

of the inverse of tne 'golden ratio' 2 - it is 

known that F >= a r.d more precisely F > ^ / J"h - 1 

k k * 

Hence, one can conclude 

N > i h+2 /^ - 2 = N + 2 > e h+ /^7 

from this, 

lc?p(N+2) > lo^ (i^ + 2 //5) = lo^^ + - lo^/? - t + 2 - 

lo^ (N + 2 ) + log^ IF > n + 2 

so, h < los (fi+2) + los J7 - 2. 

% '% 1 

now, using the fact that 2 = 1.618234 and applying a 
logarithm base conversion 

ios^r = (lo^X / lo§ 2 C; , 

one gets, 

log (N+k) log,/? 

h < — ^ - ? 

log 1.61E234 log 1 .618234 
2 

h < 1 . 44041 Og (N+2) - 0.3k3 
” 2 

The worst case occurs if tne key of new item is bigger 
than the bi^est zey in the AVL-tree, which in this case 



insertion would 


be 


done 


tc 


the 


rightmost node 


and v c u 1 d 


cause *o increase 


t he 


neigh 


t of 


t he 


right subtree 


of every 


a^ces t' , '~ or t 


W 0 


path 


hy 


o 

ID 


. (if an P TT L 


tree is 



es 



left-leaning, t its worst case occurs if the srallest key is 
inserted) tc restore the lest "balance property exactly ere 
of the four rotations will he sufficient. As a surra ry total 
1 . 441 eg t>2 ) tires key ccjpariscns and one rotation need to 
he done in the worst case. 

A.7L-TEIE DELETION k'ORST CASE ANALYSIS: Since the highest 
iter is at the rightmost position, there would not he any 
key corparisons in order to find the highest key in the 
AVL-t ree . 

Deletion of the highest iter ray require a rotation at 
every node aloes the search path. Consider, for example, the 
left-leanins Fibonacci tree (opposite of the Eig. ?9) , the 
deletion of the rightmost node wculd require a rotation at 
every node along the search path, which would be done at 
"os t [log v ! t i"es . 

STORAGE RECUIREYEN T ECR AN AY L- TREE : Each node contains two 
pointer fields and two integer fields in this 
irpl°r°nta r i or . If there a^e N iters in the queue, r e c u i red 
stores 0 would he 2 N pointer fields, 2 N integer fields, ard 
N*I units soace for information where, I is the size of 
information at ^ach node. 
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C-. 2-3 TRFF 



Another implement?, t ion cf a priority queues can he done 
by using a 2-3 tree's oroperty. 



r??INITI?N 


: 4 


two-three tree is 


a t 


«aa 


in which each vertex 


which is 


not 


a leaf rode, has 


two 


or 


three sens, and every 


oath from, 


the 


root to a leaf is 


of 


the 


same length. The tree 


consisting 


of 


a single vertex 


is 


a Iso 


a two-thre^ tree. 



Figure 2C illustrates two different 2-3 trees structure. 

At °ech vertex X which is not a leaf, th°re are two 
additional pieces cf information, I and M . L is the largest 
element cf the subtree whose root is the leftmost sec o^ Y . 
v is the largest element of the subtree whose root is the 
second son of X. All information aoout the priorities are at 
the leaf level and in increasing order from left to rieht. 
The values of L and i v attached to * he ver r ices cn e to 
start at the root and search for an element in a manner 
analogous *o binary search [1]. 




Fi 



e 32 



a 





iyPLI M ?\i? AT ION : Facn rode in tne 2-3 tree is ir the fcr~i 



where left, riddle, and right are the roisters to the 
nodes corresponding to the left, riddle, and right 
descendants of node. The parent field is a pointer to the 
father cf that node. Since each internal node (vertex) has 2 
or 2 sons, l°ft and right pointer fields of the internal 
nodes r an net he empty. For the nodes which n ave 2 sons, the 
middle pointer fields will be nil. The parent field c* ea^h 
node, except a root can net be nil. Fecause only a root do°s 
not have father. The integer fields L and Y contain the 
infcrratichs as mentioned above. The KEY fi Q ld contains the 
information about the priority of ite^. The fields cf L a~d 
i v of the leaf nodes are always set to zero and left, riddle, 
and right ccinters are always set equal to "il. ^h 0 TFT 
field cf the internal nodes (verti res ) is always set ecual tc 
zero, because the ver t ices are not the item, but only the 
n cde to construct the oath from the root to the leaf ^oi c s 
to find the expected iter. 



KEY ! 



left 1 , middle J parent | right 



I NS??TI ON’ : In ''Tier tc insert the new ite m into 3-3 tr°e, 
the proper place has tc be found by ~eans of function 
SEARCH. This function starts maxing search with the root F, 
and the priority of new iter* ?RTY. If PRTY is less the’"- L(F^ 
then f ravel is male thru the left branch, if ?RT7 is between 
L(R) and y (?. ), and the vertex R has 3 sons travel is rade 
thru the Fiddle branch, otherwise thru the rirht branch. 
This search continues u^til it has reached the leaf ^odes. 
The pointer F which points to the father of these leaf nodes 
is returned to the calling procedure. 

If that vertex F has already two sons ther Fake the new 
iter the appropriate sou of F, and readjust the values of L 
and M along the path from F to the root. If F v as already 
three so^.s r nen rake the new iter the appropriate so~ of v 
and call procedure AIISOM tc incorporate F and it? four so^s 
into 3-3 tree. After the insertion process, th° highest 
priority will be always at the rightmost oositicn of the 3-3 
tree. The algorithr for function SFA r C3 and procedure . ft DTS ON 
have been given below. Tne insertion is illustrated in 
figure 31 . 
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FUNCTION SEARCH (PRTT , R ) 

/* Where ? is the root, PPTY is the key of new iter */ 

IF any son of ? is a l e af THEN' return P 
FLSF 

IF PPTY <= I ( R ) THEN* search (PPTY , left (* M 
ELSE 

I? E has two sons or PPTY < = M(?) T W FN 
s?arch(PRTY t rriddle(P) ) 

ELSE search (PREY, right ( P) ) 

FNL SEARCH 

^RocErrRE A.rrsoN(z) 

/* This rroceiure takes P-' 7 tree with vertex Z , which has 
four sens and converts it into P-3 tree tc satisfy the 
P—3 tree prone rty by creating the new vertices. */ 

P E G I N 

create a new vertex T 

rake the twe rightrost sens of Z the left 
anh right sons cf X . 

IE Z has nc father TRFN 



£ p a a f a £ n a W 


root P 






rake Z the le 


ft son 


and X 


the rirht son P 


,SE 








TT Va * ^ o 


f a t n a r 


of Z 




rake X a son 


of F irr^Oiat 


ely to the r i 2 * h t of 


IF F row has 


4 sens 


T-FN 


all so” (F ) 



Eh I ALISON . 
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T7L7TI0N : This process is tre reverse of the rar.rer by which 
an elerert is inserted. Procedure rFLFTE finds t 1 - 0 rightmost 
iter in the oueue, and disconnect the "oi^te: to tnat ite~. 
let F be the fatner of that iter. V. e can have three 



different cases in deletion process. 



CAST 


1 ; 


: If 


F is root 


th°n r orr ov° F. 






o a 5 v 


? : 


: If 


? has thr 


ee sons, rerove 


iter. 


new F has t 






sc 


ns. Adjust 


I and M values 


alone 1 


t*e rath fr 






? 


t c root . 








S F 


3 ! 


: I f 


F has two 


sons , ther= a 


re t v o 


possiMli ti 



Part (b) is handled by procedure SUPSCPJ. 

(a): If v is root, r°^ov= iter and F. and leave the 
remaining left son as the root . 

(b^: F is not root; find left brother of F and call 

it J. If J has three sons, rake the right son cf J 

the left son of F, and adjust the L ar d ^ values of 



all a nee 


stors . 


I ^ 


t h is n 


a s e there is 


not a 


ny venter 


deletion 


. Tnis 


i s 


must 


rated i r fig 


u r e *2 


(a' . If J 


has two 


sons , 


r a h 


e the 


left son of 


7 the 


" i - r t sor. 


c f J . If 


J is 


the 


riddle 


sor of its 


fath 


e r ’ u c t 


ma.ee J 


right 


so 


n c f 1 


ts father, a 


o.d ad j 


u s t the I 


and v values. 


This 


^ a s e 


is il lustra 


ted i 


r figure 


3?( b ) . I 


f J is 


the 


1 eft 


son cf its f 


a t h a r . 


it -=a-s 


the fath 


e r no w 


has 


o r ly 


a left son • 


f i r i t 


h c r* ^ p ^ — 


father 


cf J 


and 


call 


S TT 7 SON t^ in 


corner 


at e Z end 


its fatr 


e r i n t 


o ?- 


'Z r ^ q p 


[I] . This "a 


s a i 1 


lust ra ted 



r> f*igur a 3 2 ( o ) . 



re 



is th 



p?.ocsrr?.E sups on 

/~ 7 is the pointer to the vertex, whose right so^ 
v-i i ^ v a^t i+er , a*' j. th° ’nid.hl 0 r c i ^ t ~ r i c, e ^ n t y • *•* / 

17 father of 7 has 2 sons THIN 
let J he left brother of F 
IF J has 3 sons THE'] 
right(F) :=lef t (F ) 
left (7) :=ri£ht ( J) 
right (J ):=rilile(J) 
adjust I and y values thru root 
ELSE 

riddle ( J) :=r ight J J ) 
rirht(J) :=lef t (J) 
rercve 7 and F i =rc rent ( F ^ 

17 7 is root THEN root:=left(root) ELSE subs on 

ELSE 

let J be left brother of F 
I? J has 2 sons THIN 
middle ( J ) : =r i gh z(J) 
right (J ):= left (7) 
adjust L and P values thru root 
ELSE 

right (7) :=lef t (7) 
left (F) :=riffht(J) 
ri~h*(J):=ridale(J) 
adjust L and M values thru root 
Ef!L SUES 0 N 







2-3 tree before insertion. 




2-3 tree after insertion 5. 



new links 

new created nodes 



Figure 31. 
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Figure 32(a). Examp’le for case 3 part 1 of deletion. 




Figure 32(b). Example for case 3 part 2 of deletion. 




Figure 32(c). Example for case 3 part 3 of deletion. 
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2-3 TREE INSERTION WCPST CASE ANALYSIS: It is necessary to 
analyze a 2-3 tree in two different ways. In this rethrd 
there would not he any key exchanges, hut only the update cf 
L and P values. Two different worst cas°s a~e obtained as 
following: 

1) The deepest 2-3 tree or N keys will be constructed by 
taking the minumum nurher of children (two) allowed for each 
"ode. So, the height of a 2-3 tree with N leaves is at most 
c = [l og ^ Nj . The correct position for the newly inserted item 
is found by function SEARCH. In this function, the key of 
the new iter is compared with the values of vertices. The 
worst case occurs if the corr.pe ri sors are made with both L 
and v at each vertex along the path from root to the leaf. 
This r ase happens if the key of the new item is bigger than 
the second biggest key in the 2-3 tree. Fence, The function 
SEARCH calls itself recursively i tines. 3c. the total 

number of key ccmuarisons would be 2? log Ml. 

2 - 

Since in this analysis every vertex nas two sons, the newly 
inserted item would be the tnira son of the corr°ct vertex 
and we would not need orocedure ATE50N. 

2) The worst ~ase for the function SEARCH which mentioned 
in case (1), would be also same for this case. The only 
difference is the height of the tree, namely the tctal 

number of key comparisons would be equal to 2 ! 1 "g fJ ! . Since 

* 3 - 

each vertex has 3 sons, after the insertion process, as mary 
as d nodes have to be split as the sol it progresses uo to 
the root. This is dor.® by procedure KELSON. There would net 



be any xey comparisons , but it is necessary to update L a^.d 
t\ values alontr the path, from toe second cottcmmcst level to 
the root. In either case 0(los“ N) is the worst rase time for 
an insertion. 



2-2 TREE DELETION WORST C 1ST ANALYSIS : The height of the 
deepest 2-2 tree would he d^lc^Nj on N key* as mentioned 
earlier. 

The worst '’ase occurs if each vert°x has two sc^s . 
Because, after the deletion of the highest key, the father 
of *he highest key would have only one son left. In order to 
incorporate the left brother of the highest hey into 2-2 
tree, procedure SUPS ON has to call itself d tires. There 
would not he any key comparisons, erchanses, and update of 
the L and P values . 



STORAGE REQUIREMENT FOR 2-2 TREF: In this method, all 
information about the items are held by the external nodes. 
r ach node contains four pointer fi e lds and three integer 
fields. 

The maximum number of nodes would be needed if each node 
nas two sons. In this case if there are *1 items in t be 
queue, N'-l internal nodes are needed; total 2N-1 '’Odes. That 
would be ?\'-4 pointer fields and 5M-2 integer fields. 

The mir.u^um number of nodes would be needed if each rede 



na s 



sous. In this case if there ere N i t errs ( er terns 1 node) 



in the queu 


e, th 3 height 


of the 


tree would 


b e 


equal to 


k=' L loe 3 Nj . 


Since, the 


n urn be" 


of nodes or. 


the 


successive 


levels of a 


2-3 tree wit! 


i 3 sons 


o f 3 a c h n 


ode 


follows a 



2 3 k 

geometric pr o=*r es s ion 1, 7, 3 ,3 ,...3 , the total of nodes 



in tne tree would he equal tc 
k dc+1 



s 1 - 






i = 0 * 

since, all items would be at level 
number of internal nodes • can be 



k 

v t N i5 equal to 7> , The 
calculated using above 



formula ; 

k-1 



& 



N - 1 



i = 0 



Sc, the total of nodes in the tree wit^ N external nodes 
would be equal to, 



N - 1 2N + \ -1 3\ r - 1 

2 2 2 

9N - 1 

that would be 6N-1 pointer fields, integer fields, 

p 

N*I units of storage where, I is the size of information at 
ea ch node. 



and 



Q 1 



i. FIXED ?? 1 07 1 TY 

This method of priority oueue reor eser ta ti o” v^s 
discover°d by Luther C.. fi bel l?h .r . thesis un i ,r=s rsi ty n ? 
Illinoi s 1972] . 

DEFINITION : In this method, all the elements of a u^icrity 

queue are known to be contained in some fixed set 

{ XI, X2 X N >, where XI < X2 < X3 ' XN . 

The idea is to use the complete binary tre° v/i th N 
external redes, which are implicitly associated with the 
keys in increasing order, from le^t t o rirht[S]. Ficu^e 
33(a) shows the om oty criority queue with the priority ranm a 
from 1 to 7 , figure 33(h) shows with 4 items in it. 




(a) (b) 



Figure 33 



QP 



TvDT^yvnjiri A. m I C M ! 



the empty priority 



In order to represent 
Gueus it is "eedel N external roles, and M-l internal 
nodesfas a characteristic cf a complete "binary tree) .total 
2N-1 nodes, if priority range is fro"- 1 to N. Internal n^des 
are implemented as a hit array and have an information hit 
either 1 or d. These roles are used to find the highest 
rriority it 0 ^ in the queue, during deletion operation. 

"Before calling the procedure INS7PT to put the rev iter 
into priority queue, the nrcner external node is r alculat c d 
in the main program, such that the priori*/ of t^e rev item 
will ""etch with the associated key o^ the external ^ole. The 
height cf the tree will he, t = ! 1 o s* ( 2 N- 1 )! if the number of 

c 2 



al nodes are 2N-1 


to represent 


r h ° e mn t v 


pri o ri t.y 


queue . 


the pr open ind ex 


K of the ext 


ernal node 


for 


f V| 0 n a 


w node 


he calculated 


as follows 


I Let I he 


th° 


ind°x 


of the 


htmcst location o 


n the second 


hot t cnmos 


t 


level. 


v h i n h 



will he equal to I=( 2 **h)- 1 . 

X = I priority of the new item 
17 X h 2N— 1 TH7N ;1 = (X-' 2N -1 ) ) * ( N -1 ) 

71 SE X=K 

Insertion of rriority 7, a^d deletion of highest rriority is 
shown in firur=» 34 and figure 35 res^°ctivly. 



??OCEEl TT? E INSEPT(E) 

/** E is the index cf the prcoer external node cf ar array 
ar.d the priority of the r.ew item is ecral to the associated 
key cf the external node */ 

PEG IN 

create a new node y 

I T the external node K is e^pty T a FN 
link y to K 

set the nodes 1 along path fro- K to root. 

ELSE 

find the last iter belong to external node K, and 
link y to it . 

END INSERT. 




E i £ii re 3 4 . 



After insertion priority 3 int^ firur 



DELETION: In order to find tr.e highest priority in the tree, 
the information 1 or 0 at the internal nodes are used. 
Searching starts at the ro«t, if the right '•hi Id has 
information 1, travel is made thru the right child, 
otherwise thru the left child until it has ^ea^hed the 
external nodes. This external node will contain the highest 
iter in the queue. The algorithm for deletion has riven 
del ow . 

PROCEDURE DELETE 

/* Find tne highest oriority iter and remove it from the 
queue. If the removed item is the only one in its category, 
set nodes (which do not have any relation with other oaths) 
0 from the external node to the root */ 

3EGIN 

j=l 

VEILS j < N DO 
BEGIN 
j=2j 

I? B[2j+1] = 1 THIN j=j+l 
2ND 

remove the first iter belong to the external node j 
set the nodes 0 along the path from J to 
the root if necessary. 



1 




Figure 35. After deletion from figure 34. 




PRIORITY INSERTION V'CPST CAST ANALYSIS: If 

priori ties range fror 1 tc N, in ora? r tc construct ar. erpty 
queue, 2N-1 r odes are needed. The depth of tne tree will be 
d= Lloe^SN-l ^ j . In this method there would not be any k a y 
ccrrarisons, one or two addition operations are ^e nc s sary to 
find proper position for the new iter. This process is d c r ° 
eve r y insertio r . 

The worst ^ase occurs if the new iter is the first iter 
in its priority. After the connection of the new iter is 
dene to that external node, it is necessary to traverse 
ale ns: the path fror that external node to the root in orde- 

tc set nodes 1. This would ta>e d steps tc reach to the 

root. 

PPICPITY L Z LIT I CM WCP.i" CAS~ ANALYSIS: The worst case 
occurs if the highest iter ir. the queue is the only ere in 
its category and the path fr^r root tc that external node is 
independent from the ether paths in the tree. Tc find the 
nignest Key in the queue ta^es a steps and after the 

deletion, travel oacr tnra tne root also takes d steps; 
total 2d steps. 

$ TO PACE PIC'J I? pyp\'T 7°?: * YIJ.T.L PRIORITY: If nricriti-s 

ran^e fror 1 to n, n external nodes ana n-1 internal nodes 
are needed to construct an empty qheue. A hit array of si 7 = 
?r.-l has to he allocated and in addition r o that each 
external r. o d ~ ?cr. tains two nointer fields. If 

8 ^ 



t h c r e 



i ter s 
total 
2n-l, 
the si 



i 3 . the Queue { - a c h 


iter contains 


cne nc inter field 


\ 


recuirei storage wcul 


d he eaual to 


a hit a r r a 7 cf si 


7 e 


2r-.\ pointer fields, 


and N*I units 


sna^e where I 


is 


zs of inf orra t i or at 


each rode. 







III. A7IRAGI CASE TIMF ANALYSIS 



On a random sequence of inputs, rest of these techniques 
only rarely exnioit the worst case behavior. The running 
time, especially in the average case is generally rcre 
difficult to predict. One method which can give more insight 
is to determine the expected running time mathematically. 
Fxpected running time depends on a probability distribution 
on the insertion and deletion recuests. This approach is 
called tne average analysis of an a lsrori t hm [?1 . Rut this 
kind of analysis turns out to be very difficult for 
complicated priority queue structures, ^r. alternate method 
tc gain some feeling about the running time of an algorithm 
is to execute tne program several times on *’randor T '” inputs 
and average the results. 

This alternate rethoa was used in tnis res c erch to 
analyze the algorithms. All programs have been run on the 
PTP-1 1 Unix Ti~e Sharing System at V P3 . In t v ® empirical 
test, five different sequence of random numbers whi ~h 
uniformly distributed between 1 and 122J were used. Each 
method (for a specific number cf nodes) was run five times 
by using the same sequence of random numbers ar.d the 
obtained results were averaged. Tables 2,3, <V give th® 
obtained average running times for eacn method in se^c^ds. 
The values in these tables were used to get the graphs whi~h 
nave been giver, in figures 36, 37, and 3°. 

The average number of inter-*®;/ exchanges during the 



insertion process of a 'neap' have been obtained and g iv°r. 
in figure 39. Note that the number of inter-key exchanges 
approach constant value as tne number of nodes in the heap 
approach infinite value. 

Finally, an average case behavior and required snaces of 
an implemented algorithms have been given at table f. The 
notation 'O' is called "tig-ch" notation and is used in 
table 5 to express tne running times of the algorithms. This 
notation is a very convenient way for dealing with 
approximations. In general, the notation C(f(nM nay be used 
whenever f(n) is a function of a positive integer r. ? it 
stanas for a quantity which is not explicitly known, except 
that its magnitude isn't too large. Every apoearar.ee of 
C(f(n)) means precisely this: Tnere is a positive constant M 
such that t^e function g(n) represented by off (n)} satisfies 
the condition g(n) <= M lf(n)|, for all n > >=n 0 for some 



constant n Q 
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Table 2. CFU times in seconds for an 'insertion 
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B. AVERAGE CASE GRAPHS 
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FIGURE 36. RUNNING TIMES FOR INSERTION 
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FIGURE 37. RUNNING TIMES FOR DELETION 




FIGURE 30. RUNNING TIMES FOR INSERTION + DELETION 
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Figure 39. 
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tire of the algorithm's where N 
the r.unhe r of item 51 in the on 
a r.i n is the priorities ran^e. 



IV. CONCLUSIONS ANT FTCOMPFNr.A TIONS 



When tne nurcer of nodes in the priority queue, N, is 
snail, it is best tc use one of the straightforward linear 
list methods to maintain a priority queue; out when N is 
larpe such as -ore than a seventy, a .lor N retted is 
obviously much faster. Therefore lar.ee priority cueues are 
generally represented as heaps or as netneas which require 
C(lor N) insertion and deletion tire. 

Arorr these algorithms which have been studied, AVI tr e e 
structure turned out tc be the best in terms of running tire 
on PIr-11 Unix Tire Shari nr System. In this -et^od, there 
are neither any inter-hey exchanges n or any operations such 
as multiplication or division whi^h ta.^es -ore CPU tire. Fut 
tne necuired space is rournly four tires more than heaps and 
>-ary trees, and programming is -ore complicated. Feans and 
>- £ ry trees are easy tc irrplem Q nt and ’'ecu ire rinumum snace 
among these algorithms. 2-3 trees also q: v° good running 
time but required space for 2-2 tr c es are roughly fourteen 
t i — ~ s — ore tha ,n heaps. Linked tree c require stc as — u n h as 
AVI trees do, but running time i <; ruch birder thar AVI 
trees' run ring time. Leftist trees are superior *cr m erring 
disjoint priority queues, but tahe mere space than the AVL 
trees. If tne priorities range is small such as less than 
fifty, a 'fixed nricrity' algorithm can le considered t c 
maintain a priority cueues efficiently. 

As a summary, if in a application there is r.ot any snace 



ire 



''cr.straint* AVI tree struct';: 3 should be used. If there is 
rot any running tire ''or.st rai r. t , a heap or h-ary tree 
structure should he used because heaps and x-ary trees are 
easy to implement and require —i "urur storage a^c^g these 
algorithm. leftist f-ee structure should he used in a 
applications which fast merging is required. If the number 
of nodes is less than hundred, singly lir. v ed list could Vo 
enougr. efficient to use. 

As an extension of this trie sis, a priority queue 
structure could te implemented by using a 'bir.c^ial 
queues' [-il , P-t r e es [4*1 a~d a 'pagoda'. Pagoda is a data 
structure for representing priority cueues ana a detailed 
descrin^'ic" can Oe found in r ef. 15. Also dynamic "priority 
queue structures could be studied. A dynamic priority queue 
is a priority queue with the exception tna t priorities in 
the queue ear. change ever tine. 
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APPPiNTIX. PASCAL COPING 0? IMPIT^SA'T iP v PTHOPf , 



In this section of the thesis, Pascal ceding of the 
heap, k-a^v tree, singly linked list, leftist tree, linked 
tree, A V L - 1 r e e , 2-2 tree and fixed priority have be°n giv°n 
respectively. There are not any extra thin.es *o do in ord°r 
to run these programs on the ALTOS system at V ?S. In the 
PDP-11 Unix Time Sharing System there is built in function 
PANT^y to generate tne random numbers, that is why function 
PAN DC V in t H ese coding is not needed on the PD D -11 system. 



In order tc run these urograms 



the PPP-11 system one 



needs tc set m the function D MP0M in tne main program. 



f/C 



A. HEAP 

( * THIS IS THE I^PL^PSVTaTION O t A PHI OP I TY QUE rTTr ^ Y 'I 
( ^ US I N C A vvt d D^nrr^Tv t tata ^YPP ah? & Y IS US^O * > 

(* ^P~ T SENT THE NODES t An'aF.PAY A ~ A 5* ^6 BE a HOC 4 T E E* } 

(* AS PIG AS THE MAXIMA SIZE OE THE QUEUE. - ) 

PRO CP A. M heap; 

CONST M AZ=5ee?: 

PA N' = 2 . 9 ; 

YAP J : INTEGER; 

SEED : PEAL ; 

COMB; chap; 

A :ARRAT[1. .IPeel OF INTEGER; 

N , PRTY f EXCH ^I^ST ,P : INTEGER ; 

?? T : T r XT J 

FUNCTION ? ANEr M : INTEGER ; ( *GEN ERA.TES P A N T r v NUY.B^PS BE^YEEN 
BEGIN (* 1 AND 10ZC *) 

S V ET: =SEEE s:i 27 . 1 82S1 2 +2 1 . 415917 ; 

SEE! :=S FEE “TRUNC (SEEP ) ; 

P i N EC V : =1 +T? r NC ( 1 0?U*SEED) ; 

end; 



PR r CEEURE SIETU D (VAR I : IN TECEP ) ; ECPYARr ; 



P^CCEEU^E I N 3 E ^ T ( V fi ? PPTY : I NTEGER ) ; ( * 4 I'D*' 
^EGIV (* INS^T A NE\\ NOT' 11 ’ INTO A HEAP. 
N : =N +1 ; ° : =N ; 

I v N >Y AZ THEN Y? I TELN ( PBT t 'ER? OR ' ) 



7 LSE 
PEC- IN 

a [\j] ; =?pty; 
sietu?( p ) ; 
?n r ; * 



NOTE TO TEE CU 



P^OCE^U^E SI7TU?; ( ' ,; S I ETUP NEVLY INSERTED I TEW * ) 
YAP -ALE; INTEGER - 

'T'TV D j TAI m ^ r ^‘ 7 ^ J 

H r r. I M 

WHILE I>1 rc 
BEGIN 

HALF : =1 CIV 2; 

IF a [half] <r A. [n thfk 
HFC-1‘1 

m TK/p • - I [ T "j ; 

S [ji ;=« r= ( T,p] ; 

aTHALFI :=TF v, P: T7CH:=FXC"-1 : 

I : =1 HIF ?; 

V * r T 

ELSE I : =1 ; 

enl; 

en I ; 
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PEOCFLUP.F S I FT LC’ 1 ' \ (VAR 1,1:1 MTEGFR ) ; FOFV'A? F ' 

PPOC FLUFF DFLF^F * ( 1:5 PFMCVFS TEF EIC-PT3 ,T1 ? P ICPITY IN m p~^*) 

yap TFMP : I X'TFOFP I 

ppr. i m 

I 7 ■)=(? TEFN vp I TFLN ( ?RT , 'F p E0R' ) 

T LSI 

PPG IN VEILS M si TO PPG IN 
TF V P: =A [N] ; 

A [N ] : =.» [ 1 ] i 
*. [1] 

H:=?I-1J P:=N; ?I?.ST:=i; 

5IFTT'OV’M(FIi>S?.P) ! 

vy Qp : =EXC U ‘ 

FNL; 

inf t 

ENT! 



PPC CFCUFF ( i;ip ?T T J?NS TFF n j ^HF ST P P TCPITY - ) 

P FGIN 

I? NOS? TEEN V F ITF ( PRT , 4 [ 1 *] ^ 

FLSF aPI^F^PT , 'NO FLF V -NT')? 

fnt; 



?FCCFF rP F S I FT E n? '’ *' > ( * SIFTIO T,7 N THE FOOT m O SATISFY ^F. 6 ? ??C P FPT V ’*) 
y 4 P TIM P : I N TF G FP J 

? p G I N 

fxc? := e; 

VEIL! I <= ( 7 F IF 2) PC 
t» f G I 

IF ’<=2-1 TEFN J : =K 
P L3 P 

p a [2*11 > 4 T U FN J : =2“ I 

FLSF J : =2-1 +1 » 



■ 


< A [J] 


FGI K 




FYCH : 


=FXC P +1 


'TTf/p ; 


=a [n ; 


A [I] : 


=a U] ; 


A [J] : 


= TT'VD • 


I :=j: 





T NE 

T ISF !: = (’< nv 2 )-*■!; 




104 



jdrn 



?rsn (^iis*) 

° FV. R I TE ( PRT , ' C r \ S 0 LF : ' ) t 
9 7FF : =H s H ; 

X:=z; FXC n : =? ; 

T L r (?! O 
f 3 IN 

???Y : =R .A N’r AM T 
I N S FRT ( PRTY } I 
TN D ; 

'ixcf= '.rxc?); 

TN I * 
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B. K-ARY TREE 

(~ T^IS IS T rT I^'PI ^TNTAl I^N O r A P?I n ?ITY CUE^E - v *) 



( * USING * '-r-A.EY PROPERTY. AN APR. 4 ? ' e ' IS US 17 ! 
( v PIPITS r *l fr ' NCD^S IN T”^ CUIUI 
PR^G^AU 7soy; 

C ON ST V AT =7 £0 : 

V 4 - N , Y , PRTY , ? I? , P : IN TEGt^ ; 

S F P l : P P 4 L * 

OO^Tr C 71 4 R ; 

.A : 4 ? P A Y [ 1 . . v A X ] C? INTEGER? 

OT?^* rn T v ' rn • 



* > 
") 



FUNCTION P AN EO v : INTEGER J (* r EN ERA.TES INTEGER RANBCY A I r PS * ) 
? E G I N 

S r EB ^SFFI*?? .152513+31 .4155 17? 

SEED :=SEEI-TRUNC (SE r E ) ? 
c AN OCA* :=1+TRUNC ( 1 OP^SEEE } ? 

en:; 

p ^ r c 1 1 Y P E PEST * ( :,I F INI S HIGHEST PRIORITY ITE V * ) 

nrr_i \i 

IF NO? T^FN a ?. IT^Iri (PRT , 4 [l] ) 

vyc r r.^Tr’vr^ f '\'0 I rr '’ r v T M l-v CU^UE^I 

t a r ? ( * e n r o v ^ f s m * ) 



??0C FIU’F S IFTU? ( I : INTFGFR ) ? ( *S IETUP TH 77 NFEIY INSF^TF*' Morrv] 
FA? FATHER , TF V ? : INTEGER ? 

P^GIM 

1 1 F I > 1 (* DC IT UNTIL TO GET P.CC7 . *) 

peg: n 

? J,n S:- : =(I+ 7 -?} DIV K; (* FATHER CE THE U E v IT 7V . - ) 

IF A < 4 [11 T r ^N (-SI^UP M17 Y ITE V .*'> 

P^ r I M * (# EXCHANGE F.ATHFR ANT SON *) 

T TV P ! = A [ I ] * 

a r I] : = a [?4 t* pr-irp /] ; 

4 [FATHER] := rp ^ v p : 

I : = p 4 T E T R * 



FIS 7 I : =1 : ( *MEY I I^ v IN PROPER POS IT I ON , L T A V F IT T rr ?F.*) 

t|] j\ ; 

ENB? (* ENT 0^ 5 IFTUr *) 



P-CCZrURF I N SFRT ( PRTY : INTEGER ) ; 

75 EG I N (* ABE A NET NODE INTO A THEE * ) 

N : = .N + 1 J 

IF N >= Y ® X THEN V? ITFIN ( PPT f 'ERROR ' ) (# SUEUF IS FULL. *) 
■^LS 7 (* I*'$t^ + \EV ITFY IN Nth POSITION.*' 

•BTC- IN 

4 r*i] :=?rty; 

A f'l + ll : =e : ( * 2 r F 0 AT Nth POSITION IS TFR M I N ATF S Y V 3CL.* ; 

SIFTUP(N) ; (* UOFF KEV. ITF N ' THRU T n E ^O^T. *) 

iH z ; 

end; (* END C v INSERT *) 



i n R 



PROCEDURE SIE?DC T,: N( L f Z : INTEGER ) ; (* SIETDOVUI THE ROOT ?o *) 
VAR COUNT , FIRST , J , TE V P : IN "EGER ? (* SATIS 7 ? T-A-Y RRCPEFTY*) 

REG If.' 

WHILE L <= ( Z + T/ -?; CIV \ DO (-DO IT UNTIL LOWEST TEVEL*) 
BEGIN 

EI^ST: = ( ^*1 )- (_<-2) I (* TH 7 FIRST SON’ OF 7 A THE? F RON - LETT- ) 
J:=?I?STM? (* THE SECOND SON 07 FATHER FRCY LEFT-) 

C OUNT : =1 1 

T * r HILZ (TOUMT < '< ) AND (A [j] <> U ) DO '-DO IT UNTIL TO-) 
REG IN ( *C-Z m TERMINATE SVY^OL CR RIG n T. YOST SON C 7 FATHER-) 
IF A r^IPST] > A [J] T U7 N (* 7 IND LARONS? SO\ 

BEC-IN 

Js=J+i; 

COUNT :=COUNT*l J 
ENT 
ELSE 
REGI N 
EIRST:=j; 

J:=J+i; 

COUNT : =C OUNT+1 ; 

?N r : 
end; 



I 7 ALL] < A[FI*ST1 THEN 

EE r - 1 N (- EXGEAN CE LARGES" SON AND FATHER. 

T rv P : = a [ t 1 j 
A [L] : = A [ 7 I D S?1 5 
A[7IRS7] :=TS V P: 

L DETEST; 



END 

ELSE 

L:=( (Z+E-P) DIV E)M ; 

end; 

end: (- END OE PROCEDURE 



(-THE I TEY IS IN PROPER PLACE* 
S I FTrOV: N *) 



) 



?? ocedupe delete; (* 

REGI N 

IE M=0 THEM UPITELN 
ELSE 
PEG IN 

a. t \' + l ] : =A [l ] : ( *Y.OVZ HIGHEST PRIORITY ITZ V TO N-lth POSITION*' 

A T 1 ] : = 4 [ N 1 5 (*YOVF LA ST I TEY IN CUU T7 TO 7 I^ST POSITION. * ) 

4 [n] : =0; (* ZERO TO INDICATE TE? YIN ATE SYMBOL.*) 

N:=M-i; P:=N; 7 I?:=i; 

SIETDOWN (FIR ,P) J (*S IRTDOVN T 7 E 7 IRST I 7Z M TO P 7 CPZ 7 POSITION*) 
ENL ; 

END? (* END O 7 PROCEDURE DELETE.*) 



REYCV 7 THE HIGHEST PRIORITY *) 
(P-tT/NO ITE V TO DELETE ' ) 
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. . i\ - ' N ) » 



P^CZrURS PRINT* 

V«lP NU V : INTEGERS 
•q v r I \] 

'nuP:=i; V HI TRIM (PR? , ' 
VEIL" N Utf <= M J -1 TO 
URGIN' 

v/?i?e(?rt,a[nu v .1 ) ; 

WPI TE ( PET , ' '): 

n t ;m :=n t ut*i ; 
end* 



ent; 



t»EGIN (*MA I N* ) 

PwIVEITK P?T , 'CONSOLE : ' ) » 

ST T r:=O.2C0O; 

V^ITE^RT, 'VF*T IS THE DEC-FEE OP iHRFP . . ? Z : ')5 
?E*rLV(k); v:rite(?°t,' '/<)• 

V T? T T T ^ ^ fl T- 1 TO 

PPG IN 

T :. T P ITT ( P^T 

s^adln ( co w r) ; . , 

t v C 0^r='I ' TEEN (* C C M v A N I POP INSERTION v J 

PEGIN 

p^TY : =RA NT OM > 

VRI TELM ( PPT , '? 4 NTC V=; ' , PRTY ) ‘ 

INS T ?T ( PPTY ) : 

END 

"Jt" r^ v r='r' ™ r LI , n r ( * CGI' /|V ' 4 . NB FCR rFLFBICN S! ) 

; IS r t£st? («'?!N2*TH5 FIGKFST PRIVITY I -I 7FF CUFl" T!? ) 

T5 R I M 7 ; 

end; 

ENT. 
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C. SINGLE LINKED-LIST 

( ^ ^77 I YPLFYIiNT AT ION 07 A PRIORITY QUEUE I v *) 

(* T js I NO » SINGLY LINYED LIST PROPERTY, a LATA TYPE -') 

( # RECORD IS USER REPRESENT Tp^ iSiOTRS IN T U E CUE TT F * ^ 

? - OS ’ 3 a w S I N C- L E L I N y ? 

CONST YAX=333 * 
no? 

N C D E = R 7 C 0 ° U 

LINY: FTP ? 

777 : T N TE r E 13 ? 

end; 

VAR FRONT f RACY , N : PTR ? 

Nl™ : INTEGER ? 

CCYD : GEAR ? 

SEEL: REAL? 

PR T : TEXT? 



FUNCTION 13 AN OCA : INTEGER ? (-GENERATES RAiMPCT N UY3ER - ' 
PEG IN (* RFPaEFN 1 ANT 1033-) 

S EZT : =SZFD - 27.1R261U + 31.415917? 

SEED : =SEZD-T?UN C ( S EFD ) ? 

R A N TOY : =1 +7RC N C ( 1 noo* S FI D ) ? 

END ? 



PFCCEDURZ DELE" 7 ; ( - REY.OYES TEE NODE WITH HIGHEST PETY .* ) 
VA? n IGH: I V TEG 7T3 ? 

BEG I fi 

IE NUY = 3 ?H 7 N 

*RI7ZLN( PET /THERE IS NO 1 1 E^ IN ?H 7 QUEUE/ 

17 N UY = 1 THEN ( -THERE IS ONLY ONE IT 7 ^ IN THE QUEUE.-) 

7 7Q.T NT 

try G E : =FR C V T ~ . YE Y ? 

F?0\T:=NIL? 

R . a C Y : = N 1 1 ? 

7M r 

ELS' 7 ( - m H r RE A 77 YOE 7 THAN ONE I TZ Y IN TEE QUEUE. - ) 
-EG I N 

EICH: =ERON?~.YEY? 

7p 0 N T : = 77 0 N m ~ . L I N Y ? 

ENT? 

FNi: (- END OF PROCEDURE DELFTS.*) 



PROCEDURE REST ? 

BEGIN 

T 7 Nj r V — £ ^TT7 f » 

>/PI TERN ( PR T 'THERE IS NO ITEY IN THE QUEUE/) 
ELSE 

V r RI TELN ( ?RT /RICHEST 7 FTORITI IS: ' , FRONT" . KTY ) : 

r ND? (- 7 ND O 7 FPCCEDUR 7 BEST.*^ 
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procedure insert; (* aids the new node to tee queue *) 

7 a R V: : PTR ; 

EEC IN 

IE NUN! = 1 TEEN (* 7IR3T ITEN CAMS IN TEE QUEUE.-) 

EEC I N 

NEV(N): (* CREATE NEW N n PE AND INITIALIZE *) 

N ~ . EE Y : =? A ND CM ; 

FRONT : =nV* 
p / .CE: =N ; 

N ^ . L I M K : = N I L ; 

END 

ELSE (* THERE IS AT LEAST ONE I TE M IN THE QUEUE.-) 

BEGIN 
NEA(N) ; 

N ~ . KEY : =?. A N PCM ? Iv'RITELN ( PHT f 'FANDOM: ' , N~ . KEY ' : 

M ^ . L I N 3C r =N I L J 
v : = EH o NT ; 

IE V~.KEY < N~ .KEY THEN (-HIGHEST PRIORITY CANE IN*0 
BEGIN 

N''.LINE:=ER0NT; 

EHON T : =N ; 
en r 
ELSE 

IE .LINK = NIL THEN (* THERE 13 ONLY ONE ITEM -) 

BEG I N 

v~.link:=n; 

PACT : =N : 

END 

ELSE (*THEEE * HE AT LEAST TWO ITEMS IN THE QUEUE-) 

EEGIN 

WHILE ( V ''.LINK~.KEY n= N~.KEY) AND (a ''.LINK O PACK' IC 
W;=w''.LINE; (- El NT PROPER PLACE EOR NEW ITEM .*5 
IE V.’~ .LIN K~ . KE V < N ~ . KEY THEN 

T T NJ 

n^lint :=w'\line; 

W~ .LINK :=.N ; 

T II T> 

ELSE (- INSERT NEW ITEM AS AN LAST ITEM.*) 

BEGIN 

w~. LI NX''. LINK :=N ; 

BACE:=N; 

en r : 
end; 
end; 
end; 



no 



iiC-IN (*M/I M PROGRAM-) 

PPVRI TE ( P P T , 'CONSOLE ' j ' 

sp sr:=o.?o0eo; 

NU v :=e; 

T?CNT:=NIL» 

PAGK : =NI L ; 

VEILS NU V < MAX DO 
RFC-IN 

WRITS (PET , ; 

PE ADLN ( COP'D ) f 

IS COMD = 'I' THEN (* COMMAND ^OR INSERTION.*) 
ELGIN 

N T JM:=Nt T M + i; 

insert; 

end 

pr 57 

~I7~C0MD = 'D' THEN (*COM M AND FOR DELFT I ON . * ) 

BSC- IN 

NU v :=NU r/ -l : 

delfts; 

Zi\ I 

FLS r REST; (* 7 IND TFE HIGHEST ITF^ IN THE CU 
PRINT; (* DISPLAY P?I^RlTI r S IN T n E CUIUS. 

end; 

END. (* END OF V AIN PROGRAM *) 
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D. LEFTIST TREE 

(* THIS IS THE I M rLE v ENTATICi\' OF A PRIORITY CURVE BY USI 
(* a LEETI S m T^FF PROPERTY. RECORD IS TJ^TT m C REPRESENT 
PROGRAM LEFTIST) 

const *AH=iee; 

TYP ^ d T p 0 L r * 

NODE=?ECORD 

LEFT*, HI GET : D TH T 
HEY , D I S T : INTEGER; 

ent; 

yap ROCTrPTR* 

N hm , PP.TY : I N TEC-EP ; 

CO^D: char; 

SEEL : R E A l ; 

Hi^cclian; 



PR0CF7UEE I KSEFT(??7Y s INTSGF® * VAH ?:P?E; VAR H :BOOI T AN ) 
v i o Ns^TP; trvi-d I : IN’ m TGER ; 

BEGIN ( *8= INSERT THE NEV, NCT T ’ INTO A. LEFTIST TR r ’ T . :;! ) 

I r ?~.DIS7 = 0 T-EN (*■* IS IT LEAF NOTE ?*) 

BEGIN 

P~ . KEY : =??T Y ; 
p^Ibr ST:=i ; 

H: =TP.UE; 

PC' 3 I : = 1 TO 2 DO 

•pr^jn (^CREATE 2 EM^TY N ! ot)-?5 r OF. LEA r .NOTES 38 *) 

N EV F ( N ) ; 

N ~ . D I S T : =0 ; 

N~ .RET : =0 ; 

N~.LEET:=NIL; 

N ~ .R IGHT : =N IL » 
ttt i = i THEN P^.LEET:=N 
?~ .RIGHT :=N ; 



ELSE 

~np; 



1 .1 i. 

T T c t 



I 7 u .F^Y >= PPTY THEN 

PEG IN ( ; " ROOT'S FEY IS T I GC-EP THAN M EV r ITEM'S PF 

IE p~ . LEFT"' . r IS m <"= P~ . RIGHT"' .1 1 ST THEN 
BEGIN (* GO THRU L r7 T BRANCH * ) 

I NS r PT ( R^TY , P"' . I^ET , H } * 

H:=EALSE; ( * INSERTION TH D U LEFT TOES NOT G?ov; TH H 
END 
ELSE 

13 EC- IN ( * CO THRU RIC-HT BP 4 NCH *) 

INSEFT(??TY , P"\RIGET ,F) ; 

ttt tt t H " r N p"' I S T : . DI ST + i; (~ INCREMENT HEI 

7 v p ; 

END 

ELSE (-NEU ITE M IS BIGGER THAN FOOT'S R : 

P E r I N ( s “ Z X C " A N C E FLYS * ) 

r*rv p . = p~ # 77V j 

?~ . 7T T : =F T3 T v ’ 

75 d ^Y : =t^ v ^ ; 

INSERT( ??TY .P ,H ) ; 

end; 



*) 



N C * ) 

M OD r S 



TY j :- > 



rr^i 



r. r t * ) 
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PEQCIEUEF vr "R C-F(VAR ?1 P2 : PTE ) 5 ( s:s AFTFE DELETION OF T n 
7 a R ^^rPTRJ (*ROOT v EROFS IT 0 TV 0 SUBTREES 

BEGIN 

IF ? 2 ~. El ST = 3 THEM P2:=P1 
FIS i 

IF PI ~ . F V Y n ? 2 ~ . r ^ Y THEN 
BEGIN 

r? 3 j =p p ; 

??:=?!? 

? 1 : =P3 ; 

V FRC*F ( PI , .LFFT ) ; 
r N E 

FISF Mr ?G T ( PI , ?2~ . LEE? ) » 

iv ROOT"' .LFFT"* .LIST < ROOT"' .RI r ET"'.L 1 ST TERM 
BEGIN (^EXCHANGE LFF m AN E RIGHT SUBTREES*) 

PE ; =i 3 ()nT~ # tr r<p ; 

ROOT"' . LEFT : =ROCT"' . R I GET ' 

T> OOT"'. EIGHT: =P? ; 



:wr; 



PROS FLUFF E T LE m E( P : P T K ) ? (* PITCHES THE HIGHEST ITF^ 



’V NUM 
BEGIN 


= 1 TEEN 


root"' 


CO 

► 3 
II 


root"' 


. EFT : =0 : 


root"' 


. lrvt : =N t 


root"' 
fn r 

FLSF 


.EIC-ET : = N 



IF NUM = 3 THEN WRITEIN('MO ITF, V . IN TE 
FISH 

I v p~.iTFT~.KFT > ?~.R IGFT^.EEY THE 41 
’FGIM {*t'P HE L^ET SON ROOT ANT MFEGT 

ROOT : =P~ .LEE? ; (* LFFT 4 NT RIGHT SUPTR 

N T ?GF( P~. PI GET f P~. I EET~. LEFT ) ; 



CUFUF ' ) 



* ) 

FS * ) 



FNT 

-LSF 

3FGIN ( I?V A FF FIGHT SON ROOT ANT V FRGF - ) 

ROOT : =P~ .E I GET J (* LFFT AND EIGHT SU‘ D TPF r S*) 

V FHGF ( P~ .LFFT ,?~ .RIGHT"' . LFFT ) ; 

FND: ' y 



fnd; 



FUNCTION RANEO v : INTFG HR ; { *P-HN FRA.TES RAMEO v MUMPERS*' 
BEGIN 

S EEL : = SEEL * 27.152813 * 71.415917; 

SEED :=S FEE - TP.UNC (SFFE ) » 

? .ANTON! : =1 * THUN C( MAX * SEED): 

fne;~ 



p^ccrruss print (test : pt?. ) ; 

BFC-I S 

IF TEST~.XEY O ? A n FN 
begin 

yo ITF ( ' ' ) ; 

VR I TF ( TEST~ .KEY ) ' 

PF INT ( TEST~.LEET ^ ; 

PR I N T ( TF S T~ . R I C-HT ) ? 
v\\ r 

TLSF VS I TF ( '=') J 

ent; 



5J r -IS ( * MAIN *) 

N C* : =0 ; 

SPED : ='? . 22 
F :=FALSE* 

NFW( ROOT) ; 

ROOT~.DIST:=0; 

ROCT~ .XEY : = 0» 

FOOT"'. LEFT : =N I L? 

root~.rig ct ?:=ntl; 

VEIL! NUM < MAX TO 
RFC- IN 

V P I TF( '">')? 

REABLN (CCMr) ; 

I t PC'vp = ' I ' THEN 
REG IN 

NU M :=NU M *•- l; 

E: =falsf; 

PRTY : =RA NTOM » 

VEITELN ( 'PANICS: ' t ?RTY) ; 
INS?PT(PPTY f POCT,H); 

TNT 

ELSE 

CO M D = 'T' TEEN 
PEG IN’ 

IF NUM = e THEN VS I TZLN ( 'THERE IS NO I 
ELSE 
BEGI M 

N U M : =NU V ~ l; 

DELETE( POO^ ) ; 

ENT? 

ENT? 

pt? i \\ t ( ^OOT ) ? 

ent; 
en r . 
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E. LINKED TREE 

PRIORITY CU r UE BY *) 
DATA TYPE RECORD 13 *} 
v ) 

PROGRAM linksdtree; 

TYPE ?T?=~NCDE; 

NODF=RECO?.D 

LEFT, RIGHT :PTR ; 

XIY,DESC: integer; 

end; 

VAR N C M : I N TEGEP ] 

SEED: R P AL J 
P -0 T : TEXT > 

N V D QC ,rn : T>rT,T5 ; 

C C V D : CF a 73 ? 



{* THIS IS THE IMPLEMENTATION OF A 
(* USING A LI NEED-TREE PROPERTY . A 
(* USED TO REPRESENT MODES.. 



PROCEDURE INSERT (>: :?TR ; PRTY : INTEGER ) J ( V ADDS NET NODE-) 

V 2 TJ T7M T2 . T \i TZJ • 

R T GIN ( * I m SEPTS NET NODE INTO TEE TREE. * } 

I T VTJV = 1_ TTnrr D QOT :=N ( * r I ° S T I P ’ t ’M " ) 

ELS E 
~^FG I N 

I? V".m N= PRTT THEN (»NE'i I TEi'. IS SMALLER *) 

FECI N 

if '.r.LI'T <> NIL THEN (* V HAS LEFT SON *) 

RFC I N 

IE v~. RIGHT <> NIL THEN (* ALSO HAS RIGHT SOM *) 



END 



IF Y .LEFT .LESS « .RIC-HT .DESC THEN 
^FGIN (# TRAVEL THRU R T r H T FRANCE * ) 
~f:= r .r. PI get; 

V. "'.DESC :=^.DFSC-i; 

I N S E R T ( Y N ~ . Y E Y ) * 

END 
pt 3 T 

BEG IN (* TRAVEL THRU L^FT BRANCH *) 

y . =v~ . left ; 

v ~ . D E S C : =v ^ . rzsc^i; 

INSERT (Y ,N~ . KEY ) ; 

END ; 

E\ T D 

ELSE Y~ .RICHi :=N ; (* LINE NET ITEM AS RIGHT 

END 

ELSE Y~ . LEFT :=M ,* (-LINE «£* ITEM AS LEFT SON* ) 



^EGIN (* KEY EXCHANGES ARE NECESSARY - ) 
T’rMU . =y~ .HR Y J 
y~ # y HY : =N ~ . KEY * 

^/rv . = r PTN'p • 

INSERT (v N~.EEY'; 

end; 

end; 

END: (* END OE INSERT *) 
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? 7 OC i T T ' - ^ DELATE (V A -0 X : P T 7 ) ; (* : R ENG V Tc ITr G TIT 'S i r IT 

v a?. Y 7 ;PTp; 

begin ,ta 
y:=x~.lf 7 t; 

Z : =X~ .RIGHT; 

I? Y <> MIL THEN (* LEFT SUBTREE 7 XIST *) 

■°PGI N 



IF Z 


<> NIL 




T HE N ( - 


RIGHT 


SURE 


REF FX 


1ST - 


) 




t?EG I N 




















: e * y 


"'.EE: 


\ = 


Z~.H 7 Y 


7 nr ji 












RFC 


IN (- 


ynrr 


E LEFT 


SON TO 


fpq"!? 


PARENT 


POoI 


TION 


-) 


V *'* 


.HFY : = 




. H" 7 y ; 
















. DES C : 


=Y~ 


T EES C - 


■ 1» 












I F 


Y"' .PE 


SC 


^ e th 


FN X~ . 


T ■ppfn 


: =N 1 1 ( 


-REAC 


? 7 I 


TO 



ELSE DELETE (X~ .LEFT ) J 

v*M p 
r LSH 

BEGIN (* v CVH FIGHT SON TO THE ITS ? A.RZ-N T FCSITIC 
. r E Y i = 7 ~ . rT? Y ; 

^ ~ . EES C : =Y~ . r ES C ~1 * 

I t T ~ . DZS C K ? TH r N X~ # x> IGHT : =■! I T ( - or AC HEP TO 
ELS r t>t # x> r ) j 

end; 

END 

ELSE X :=X~. L 7 FT; (*Rirn T SUBTREE ECIS NOT EXIST *) 
E N I 

T LS E X:=X~. FIGHT; (-LEFT SUBTREE DOES NOT EXIST-) 

end; 



D “ C C 7r UR E F 7 S T ( V A 7 TES 7 : 37-3 ) ; 

BEGIN (-RZT TT RNS TRE NODE V/ITH HIGHEST ?FTY~) 

IE TZST=!\ T IL T n EN UR ITELN ( ? 7 T f 'NO ITE V IX 0 UZUE . x ) 
ELSE y 3 1 T 7T M ( ^RT r7T CHEST 77 S rn "'. v ’E y ^* 

ENDp" 

x v CT"0\' 3 A ’ k ' T> O v ‘ : T N Trn E^ J ( A T 77 S ^ a NUN^Z* 3 — ) 

XT n j *i 

S 77 D:=SF 7 D - 2?.1S2 Q 12 + 31.G1E917; 

SEED: = S 7 Zr - T 3 UNC f 3 EEL ) J 
3t NDO M := 1 + TRUN 0 (1 CO-SEED ) J 

7m d; 



PROCEDURE PRINT (TEST:???.); 
r E r T *! 

I^^EST <> NIL THEN 
x v r. i v 

V’RI TE (PRT , 0 ' ) ; 

y, X T T^ { p!3 r l n ES r? "'. 7 'E V ) I 

?E I NT (TES ± ~ . LEFT } j 
?? I N T ( TIST~ . RI GET ) ? 

EN D 

ELSE i RI TF ( PRT ; 

end; ’ 



LEAF- ) 

^ I. - ^ 
LEAF- ) 
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TJ T Q. T p p n n v j J 

'CCNSCIS : '}; 

C 7?? • = n p ^ o * 

V TT M . = r» . 

A w- 1 . W ; 

PCCT : =N I I : 

IvEILE N T J M < 1 pp TQ 

pfcin 

vpife(?pf # '>') ; 

PEADLN (COND) » 

I r p= ' t ' ptrp \j 

EZr-IN (* CPEATE NT* r NCIE AN! INITIALIZE *} 

M r, v ( M ) ; 

N".ZET:=?A\E0M; 

N^ .LEFT : =.\> 1 1 * 

N~ .PIG-ET: = N I L ; 

N~.rESC:=3; 

M TJV . s JjJTM+1 • 

I N S TP T ( ? 0 C m , N ~ . E E Y ) > 

?? I \’T f ^OOT ) * 

p M T' 



else 

Tv OQMT = ' T'.' \ ! 

EEMN 



»,J TTV« . ^TV_1 • 

17 \ tj y < 0 <jnr\i V. P I TFLN T C * N ° ITp^ I fa T n E CUEUE ' ) 
PIS? 

I? Ntjy. = e TEEN PCCT :~N IL (MAST ITEM IS DELETE!*) 
ELSE 

IF HOC?"' .LEFT - NIL THIN HOOT : “300T~. SIGHT 
ELSE 

IF POOF"' . R I OFF = MI TKF k: HOCF : =RCCF"' . LEFT 

ELSE 
PFO I N 

v ; =v> 00 T I 
FELEFF ( Y ) I 
END 

ENT 

ELSE 

I? CC M D = TZEN 3FSF ( ROOT ) 

ELSE l'‘~ IFELN (PPT , 'INV. fl I ID j| 

enl; 

END . 
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F. AVL-TREE 

(* THIS IS THE I v ? L E ' M E N T A T I C N CT A PRIORITY CU^UE BY *) 

(* USING AN AVL-TFEE PROPERTY. A TATA TYPE FECCPE IS *) 

(* USEE TO REPRESENT MOLES. *) 

PROGRAM AVLTREE; 

TYPE ptr=~nodf; 
no:e=rfcorl 

HEY: INTEGER; 

LEFT f RIGHT :PT? ; 

PAL : -1 . . -*-1 ; 

ENi ; 

YAP ROOT : PT? ; 

H: boolean; 

N IT , PRTY : I .NT EGER ; 

SEEL: PEAL: 

comd-.char; 

PRCCELURE INS2RT(X:IMTEGER: VAR P:?TR; VAR EsECOLTAN); 

VAF PI ,?F: PT?; 

PEGIM (* INSERTS TEE VEV. MOLE INTO TPEF . ~) 

IF P = NIL TEEN (-IS REA CL EL LEAF NOTE, INSERT N EV, ITE V *) 
PE^IN ( - C ^ r A T E NE V N C ^ r 4 ND I N I m I \ T - 1 "’E - ' 

MET (? ) ; 

F:=TRUE; (- SUBTREE HEIGHT IS INCREASE! *) 

V'lTH P~ LC 
PFGIM 

V TV . —Y • 

LEFT:=NIL; 

RIGHT :=M!i; 

PAL :=e; 

E N L ; 



INI 

ELSE 



IE X < ?~.HEY 


THEN 


(*NT> ITE^ IS LESS THAN 


RCC 


PEGIM 








INSERT (X , 


T TT'P 


,H); '* CO THRU LETT SON 


*) 


BEGIN 


(*le^ 


T 3 r. * N C 5 HAS SHOWN CT IGHE 


R *) 


CASE ?~ . PAL 


CF 






0: ?~.3AL:=-i; 


(*T 


HE ’"TIGHT IS SLA N TET TO 


THE 


1: BEGIN 


( -THE PREVIOUS IMBALANCE AT 


P u 


?~.BAL:=0; 

H:=?ALSE; 

enl; 




(* TEEN ECLTLIBRATET . 


*) 


■1: BEGIN 


(* 


TE2A.LANCE SUE THEE . #) 




PI :=P~.LE^T 
IF P1~.?AL 


i 

= -1 


THEN 





BEGIN (* 10 LI ROTATION *) 

?~.LIET:=P1 # \RIGET; 

Pi"* .RIGHT :=P » 

?~.?AL:=<?; 

P:=Pi; 

EML 

ELSE 
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BEGIN 


(- 


DC L? ? 


OTATI 


n,\| ) 


?2 : = 


: ?i~. right; 








PI ~ . 


RIGHT :=?2~ 


'.left; 






P2~.’ 


LEET:=?1 ; 








p~ . T. 


EET : =?E ~ . v 


icet; 






P2~. 


EIGHT : =P ; 








IE 


? 2 " . B A L = 


-1 T^EN 


p~ # 


?AL:=+1 


ELS 


E P^.^A.L: 


= u ; 






IE 


?2".^AL = 


+1 TEEN 


Pi" 


.3AL:=-1 


ELS 


v PI "'.BA I 


:=0» 







P : = r 2; 

end; 

F~.BAL:=C; 

E: =FALSE ; 

END; 

END; END ELSE WRITELN ( ' '); 



I LSI 



BEGIN 

INSERT ( X t ?~. 
IE E TEEN 
BEGIN 

CASE P^.BAL 
E : ? ~ . BAL : = -l ; 

- 1 • ■c r n t v 

# ?".?AL:=2; 

E:=EALS T ? 

end; 

1 : BEGIN 

PI : =P~ .HIGH 
IE P1~.?AI~ 



RIGET f £); (* GO THRU 13 1 GET SON *) 
(* RIGHT 3? AN CH HAS GROWN HIGHER *} 



CE 

(-TEE WEIGHT IS SLANTED TC TEE RIGHT- ) 
(-TEE PREVIOUS INBALANCE AT P HAS -) 
(- BEEN 1 ECU I LI P R * T EL -) 



(* REBALANCE SUBTREE - ) 
= THEN 



BEGIN (* LC ^ R DOTATION -) 

p~ # T3 I'Ict ; =pi ~ .LE" 7 " ; 
pi # LE^T : =? ; 

?~.PAL:=2; 



P:=Pi; 

T?\;r 

else" 

BEGIN (- DC PL 

?2:=?1~.LEET; 
?1~.LEET : =P2~ .RlfE' 
P?~. RIGHT :=P1 ; 

P~ .RIGHT :=P2~ .LF r T 
P2~ . LEET : =? ; 

IE P?~.3AL = +1 
ELSE ?~.HAL:=3? 
IE ?2~.?AL = -1 
ELS T P1~.BAL:=U; 
P:=P2J 

■7 *r T ; 

p~.3al:=o; 

H : =EA L S E ; 

end; 

end; end 

ELSE V RIT^LN( ' ' ) ; FND 



ROTATION -) 



'HEN P~.BAL:= -1 
'HEN ?1 ~ . FA L : -+1 



1 1 Q 



JUNCTION* -A \’DO M : I NTEGEP J 
BEGIN' 

SEED:=SEED * 27.192913 31.41391?; 

S 7 ED:=SFED - TPUNC^SEED ) J 
?.AN rOV : =1 ^ TRU.NC (leC-SEET ) ; 
end; 



PFOCFDURE BALANC(VA? P:PT?.J VA? H:'°OOLE fl N 
VAR P1,?2:??E; (* REP ALAN Cl THE TREE AETEI 
3AL1, P AL?:-1 . .+1J 

BEGI^ (** H=T r HE D IC-HT BRANCH HAS PICON- 2 
~ ~ C A S E P A .B 4 L GE 
1 : P ~.3AL:=C; 

Z ’.BEGIN 

?~ . PAL : =-l ; 

H:=?ALSE; 

e\t; 

-1: BEGIN <* REBALANCE SUBTREE *) 

PI : =P~. LE P T ; 

BA L1 : =?1~ . BA I ; 

IE BALI <= e THEN 

BEGIN (* DC LL POTATICM '■ ) 

P~ . LE r T :=P1~. RIGHT; 
p I ~ . P I G IT : = D ; 

I? BALI = 3 THEN 
P EGIX 

P~.?AL:=-i; 

PI ~ . 3 4 L : =+l > 

H:=?AISE; 
i. NT 

TT 

P EGI\ 

?~.BAL:=G; 

P 1 ~ . p A L : =3 ; 

end; 

? : =? 1 ; 

END 

ELSE 

BEGIN (* TO L? ROTATION *) 

?? : =?1 ~ .? IC-HT; 
p A L2 : =P2~ .PAL; 

Pl^.RICH^ s=P2".LEPT? 

P2 ~ . LEET : =P1 ? 

?'\LF I!, T:=?2~.PIC- T *T; 

P 2 ~ . p I c. : =p ; 

I t P 4 L? = — i T^EN ?' . B AL : =■‘■1 
ELSE P".BAL:=3; 

IF BAL2 = +1 T n EN ?1~.P 4 L:=-1 
r LSE pi~.BAl:=3; 

?:=??; 

?2~.BAL:=£; 

end; 

end; 

end; 

end; 



DEL' 

LESS 



TI ON* ) 

HI JEF? V ) 
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PROCEDURE DELETE ( VAR F:?TP; VA? F : B CCL7A.N N > 

VAR Q : PTP. * 

PFGIN (* DELETES THE NQpp VITP HlG^ r ST PR TCP I TY ’■* ) 

IP N U v = fc’ THEN (* QUEUE IS EMPTY *) 

BEGIN 

W? I TP IN' ( 'CUEUF IS EMPTY'); 

H : =?AL5F ; 

END 
ELSE 
PEC- IN 

1^ P~.?IGFT <> NIL THEN 

BEGIN (* SEARCH UNTIL TO REACH LEA? NOTE * ) 

DELETE ( ?~ .HI GET t E ) » (# GO T n PU RIGHT SON * ) 

IP H THEM ^ A. LAM C ( P ♦ H ) » ( * PEP A LA NC^ SUBTREE 114 ) 

ENL 

ELSE 

BEGIN 

C:=p; 

P: =Q~ .LEFT ; 

H:=TPUE; (-HEIGHT CE THE SU3TPEE HAS BEEN RE^UCFP*) 
ENT ; 

E.ni ; 

en r ; 



BEGIN 

NU M : =0 ; 

SEEU:=f?.?oeo; 

H:=FALSE; 

ROCT:=NIL; 

WHILE NUM < 1 ZZ DO 
BEGIN 
V P. I T E ( 

READLN(COMD) ; 

IP COME = 'I' THEN 
BEGIN 

Nl™ : =N UM-*-l J 
PP TY : =RA NDOM J 
Es=FALSS; 

I NSEPT ( PFTY ,EOC?,H); 

END 

ELSE 

IE CC V D = 'D ' THEN 

^PGIN 

u . =palse ; 

DELETE (ROOT f E) ? 

NUM : =NUM-1 ; 

END 

ELSE V? I TEL N ( 'INVALID C° v,v l AN D ' ) > 

E N D ; 

EN I . 
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G. 2-3 TREE 

(-THIS IS TEE I VPL E M E v T ft T 10 X n ? A PRIORITY CURVE BY '*0 
CAUSING A 2— 3 TREE PROPERTY. / TATA TYPE RECORD IS ’SO 
( si« USEE PR^'C'S^N' 1 ’ m N C PP S IN T* J E T T?rir . 

PROGRAM TV.' 0 THREE » 

TYPE FTP. ="\‘] CEE * 

N CDE=P P CCRD 

L Z P T , P T f Y T x,’ 5 ’ ? fl : P^F > 

T m n OTJfi m » T ^ «p VQ 7 w j 
TP; 

TAR N , E , T , T^Y? , ROOT , X , FA T^ZE J^^TYiP^R; 

MUD 4 Mrrv m a MT?|,'VST • TjJ m 7CVD | 

SEEP: REAL? 

PRT : TEXT; 

CC v r : CHAR ; 

HiBOclean; 



PROCEDURE UPDATE ( VAR BOUND : PTR ) J 

■d Tr t m 

vr itt RCUfllT. RIGHT". COUNT = 0 TO 

TV*' • 



BOUND:=BOUNlT. RIGHT? 



PROCEDURE A.DISCN ( Z r^TR.) ; 

V a t y y i 7i • • 

BEGIN (-CREATE NET VERTEX A NR V AKE RIGHTMOST TWO SONS 07 'Z'*) 
NE T ' r (X); (-LEFT AN I RIGHT SONS OF 'X' -) 

y^.L: 7 ’ 1 ’: =T 7r Y? ; 

X" . p I GET : =Z" . ? IGHT ; 

Z~ . M I DDLE :=N II ; 
l". PARENT :=NIL? 

X~. COUNT :=C; 

'I’rvr'' p j -q — »rip . _y • 

Z". FIGHT''. PARENT :=X? 

Z~ . RIGHT : =Z ~ . N’ IDDLE ,* 

Z~ .RIGHT"' .PARENT : =Z ; 

z"\yiddlz:=nil; 

IF Z~. LEFT"'. COUNT <> J TUEN(-'Z' IS T^E FATHER 07 LEA T NOTES - ) 
E EG T N 

Z"'.Y:=Z"'.RIGUT"'.Y; (* ADJUST L AND M VALUES OF Z -} 

Z"'. L : =Z"' . LEFT"'. ^ ; 

2ND 

ELSE (- ' l' IS NOT THE FATHER CF LEAF NODES -) 

BEGIN 

Z1 :=Z"'.LEFT; 

UPDATE ( Z 1 ) ; 

2"'. £ : =Z l"' . RIGHT"' . N ; (-ADJUST L AND Y VALUES OE Z T- T Fu L P A E- ) 
Z1:=Z~~RICET; 

U?DATE( Z 1 ) > 

Z~.M:=Zl". EIGHT ■'.f'- ; 

£j*j l ; 

IE x"'. LETT"'. COUNT <> J THEN(-'X'IS THE FATHER OF LEAF NODES*) 
BEGIN 

X'\ M :=X'\ RIGHT"'. Y; (- ADJUST L AND N VALUES OF l' -) 
7"'.L:=X"'.LEE rT ’"'. M ; 

T V T 
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ELSE (* 'X' IS NOT 7AT7.ER 07 LEA7 J1CD73 *) 

XI : =X" . LEFT ; 

UPDATE (XI ) ; 

X".L:=Xl". RIGHT". h,' (^ADJUST L ANr t* VALUES OF 'X' v ) 
X1:=X“.RIC-ET; 

UPDATE (XI ) ; 

X".P :=Xl". BIGHT". K! 

£AJT> • 

17 Z'OaRE^NIL TEEN (*'Z' IS ROOT. CREATE MEW ROOT AWL*) 
BEGIN (* V AEE 'Z' LETT SEN 07 ROOT f 'X ' RIGHT SOM OF ROOT-; 
M Til ( v ) ; 

TT ''.LE7T:=Z? 

V". RIGHT: =5 J 



V" 


.MIDDLE 


= M T T • 




P ^ PP'f'T' 


=nil; 


7~ 


. PA RE NT 


=v ; 


x~ 


.PARENT 


=v ; 



V . C CU N T : = 2 » 
V^.L^Z^.M,* 
V~. v ; =x~ . M ; 
ROOT : =V ; 
V:=NIL; 

ENT 

ILSE 

■C p r» T a* 

_ -l_ J x .A 

F : =F~ . d * o i? aj , p 



(- 'Z' IS NOT ROOT *) 

IL TEEM (^FATHER CF 'Z ' HAS TWO SON*) 



IT 7 .MIDDLE 
3EGI N 

X . PARE N T : -F 
IF 7 . LEFT =Z THEM 

BEGIN (*NFW VERTFX BECOMES MIDDLE SON OF FATHER* ' 
F~.MIDELZ:=X;^ 

r • it 1 . xj r r T . V. j a • = N I u > 

F‘ ~.M:=F~. MIDDLE''. M? 

E N E 

ELSE (- NEW VERTEX BECOMES RIGHT SON OF FATHER - ) 
BEGIN 



P T ' 



F . - 1 GET : =X J 
F~.M : =E~ .MIDDLE^ .M > X:=NIL; 

IF H TEEN ( -HIGHEST PRIORITY ITS V CAME INTO QUEUE*} 
BEGIN 

WHILE F"'. PARENT <> NIL TO 

p V C T M 

F:=F U . PARENT*, 

IF (E~.MIDDLZ=NIL) AND (F~. v < N^. COUNT 5 r’EN 

?~. v :=n~. count; 

E N I D ; 

— *» - J 



7LS7 (* 7ATH7R 07 ' l' HAS THRU SONS * ) 



end; 

iii L ! 



IF F~.LFFT = Z THIN (*iN »'*’ VFRTiX SFCoKFS SFCC.'JC SC'J * ) 
BEGIN (* OF F A TH T " FRO K LIFT. v) 

TFi v P:=F~.r'IDFLF; 

F~ .MIEFLF :=Xj X:=NIL! 

ALISON { 1 ); 

END 

ELSE 

IF r~.1IGE7 = Z THEN (*«=:'!' VERTEX BECOMES FOURT c SON" ) 
2121 N (v Qp ? ATE t R LEFT. -) 

TFM : =F~ . R IGHI ; 

f~.eich?:=::; x:-nil; 
aits cm (f) ; 

PM 

SLSE(*:J2V VERTEX EICOMES RIGHT SON OF FATHER * ) 

*D T " r *! 

3 — j x « 

Tl^?:=x; X:=NIi; 

AILS CM (7) ; 

ini; 

(* ENL CF PROCELURE AIDSON - ) 



FUNCTION S 2 A R C H ( A: INTEGER; P. :rTR):PTR; 

RFC IN 

IF R~.LEFT~. COUNT O I THEN (-RETURN POINTER TO VERTEX- ) 



IE A <= R~.L tee:: 

S E A? C E : =S I AR C E ( A 

ELSE 

IF (AOE~.rO ANL 
SE.AFCE : =SEARCE (A 
FL5F 

c: 4 ^ r tr : = 3 ^ A R C ^ (A 

f::i; (*z ; :i c? mncticn 



( -SEARCH 

^ T !T T* m 



(rDmll 

,f .r:ir i 

f ?/\RICE 

SEARCH. 



THRU LEFT SON-) 

) 

LEONIL) THEN 

LI) (- SEARCH THRU MIIILr 

T) ; (* SEARCH THRU RIGHT 



S CM «=' 
son =■=; 



FRO CF SURF PRINT (TFST : PTR ) ! 

•c r 0 T »| 

IF TFST <> MIL TRIM 
3FGI N 

IF TFST~.CCiJt;T <> 'c THIN 
3FGIN 

iHITE(?RT, ' '); 

V, : RI?F( ??.T , TFST~ . v , ' '); 

??.IN'T(TFST".LFFT) ! 

?rint(test'\. v iidlf); 

P5IH7(TEST~. RIGHT) ; 

_fnc; 

XN L i 



FUNCTION RANDOM: INTEGER; (-GENERATES INTEGER NUIMERS -) 
REGIN 

SEEL : =S EEL - 27.182615 51.415917; 

SEEL : =SEZL> ~ TRUNC(SEFL); 

RA.NLOi v i : =1 + TRUNC ( cE - 5 EEL ) J 



noii 



PROCEDURE I NSZRT ( NUM : INTIG ?5 ) 5 
PEC- If, 

I? :ns=: then(* this is the first item in queue *; 
BEGIN 

RCCT : = N ID f 

NEV(fJ); (* CREATE NEW N CEE AND INITIALIZE - 5 
VITH iT DO 
BEGIN 

COUNT: =N'UM; 

L : =# ; 

M : = C CU N T ,* P ARENT : =N I L J 

LE7T:=NIi; 

RIGHT :=N’IL» 

middle :=nil; 
end; 

WEI TEL N ( PET , 'RANDOM: '.r, COUNT) ; 



NEV(V); (* CREATE FIRST RCCT IN THE QUEUE AND "AXE *) 
WITH V" DO (* THE FIRST ITEM AS LEFT SON CF RCCT *) 
REC-IN 
COUNT :=C; 

LIFT: =N ; 

RIGHT:=NIL; 

middle :=nil; 

PARENT:=NIL; 

M : = 0 ; 

end; 

N~. PA RE NT :=v; 

RCCT : =V ; 



ELSE 

17 H E = 2 THEN (* SECOND ITEM CAME INTO QUEUE *) 
BEGIN 

new ( ?: ) ; 

with rT DO 

BEGIN 

COUNT :=NUMJ 

L:=0J 

M : =CGUNT ; 

DEBT : =N I L J PA REN T : =NI L » 

RIGHT :=NIL? 

MIDDLE : =N IL ; 
end; 

WEITELN ( ?RT , ' N B R : ' , NBR t ' RANDOM: ',N~. COUNT) ; 

:r. PARENT : =HQGT ; 

IE IT . COUNT >HOOT~ .LEFT". r, THE N 
BEGIN (* MAKE 2tr. ITEM, RIGHT SCN CF ROOT-) 
ECC?~.FIGET:=N ; 

ROOT"' .M :=EOOT~.EIC RT~ . M J 
END 



SON 01 HOOT 



ELSE (*KAKS SECOND ITEM, LEFT 
BEGIN 

HOOT". SIGHT :=EOCT''.LE r T; 

HOOT". LEFT :=N ; 

RCOT".K.:=RCOT".L; 

HOOT". L: “ROOT". LEFT".MJ 

end; 

END 

ELSE (* QUEUE HAS ALFFAEY 2 OR MORE ITEK IN IT *) 
EEC-IN (* CREATE NEV NODE AND INITIALIZE * ) 

N EW ( N ) ; 

'* I TH N" CO 
EEC I N 

COUNT:=NUK; 

L : =0 1 
Ki: “COUNT; 

LEET:=;.IL; parent :=;jil; 

RIGHT:=NIL; 

KIDDLE :=NIL; 
end; 

V'R I TELN ( ?RT , 'NCR : ' , NRR , " RAN CCK : ',N". COUNT); 

E: “SEARCH (h". COUNT .ROOT ) : (* POINTER. TO THE FATE 

(* PROPER PLACE FOR NET I 
IF F". KIDDLE = NIL TEEN (* F HAS T'.O SON'S - ) 

I? N". COUNT <= F".L THEN 

BEGIN (* K.AEE THE NET ITEM BE LEFT SON OF ~ * 
F". KILT LE:=F~. LEFT; 
x • L E x T : = N » 

M .PAFZNT:=F» 

F'\r'':=F~.i v irDLF'\p:; 

F~ .L : =?~ . LZF?~ . 

I ME 

ITT q T 

J T7 »• ~ Nj _ - 7 '" M <p fT 

begin (*»\asi new itz, v . pigz? son ce ?*) 

x DC LZ :=I~. RIGHT; 

f~.righ?:=n; 

;-r.?ARZMT:=Z; 

IF (ROOT~.MELLE = ML) AND (F = ROOT) TUFN 
RCGT~.K:=N~. COUNT 
ZLSZ 
REGIN 

WHILE 1". PARENT O NIL TO 
BEGIN 

II ?'\?APENT~. MEBLF = NIL THEN 
F~ .PARENT"'. M : -N ~ . COUNT ; 

Z:=Z"'.PAFZNT; 

x. in L' ; 

znd ; 

END 



1 ?K 



►-3 t'J 



i M 



ELS± (-MAKE TEE N i V ITEM MIjjDLj. SON 07 7*) 
REGIN 

F'\MIDD1E:=N; 

n ~. parent :=?; 

- •r*i = x .M I To Li • t'i > 

end 

(* 7 ALREADY HAS THREE SONS *) 

N~ . COUNT <= E'\l THEM h AHF NEW VERTEX 

ELGIN (-SECOND SON OF i ^ 

TEMP:=?~. MIDDLE; 

F~.MIDDLE:=r'\LE7T; 

E ~ .LEFT : =N ; 

N~. PARENT :=F; 

APDSON(E) J 
ENT 
ILSE 

17 N~. COUNT <= 7~.M THEN ( - MAKE NT* VEF 
(* SEC CRT SON CE E ERO v 

BEGIN 

TEM? : =i ~ .MIDDLE? 

F~ . v I IDLE : =N ; 

N". PARENT :=?; 

aedson(p) ; 

END 

ELSE 

IE N~. COUNT > F~. RIGHT''. COUNT THEN 

ELGIN (-MAKE HEW VERTEX EE 4th SON Cl 

Temp: =f~. right? 

F .RIGHT: =N » 

H:-TRUE; 

ALT SON (?) r 
H : = FA LS E > 



**) 



end; 



ELSE ( -MAH E >J IV/ VERTEX RIGHT SON CE 
" £l G A N 
TEMP : -i\ ; 

A D L 5 C N ( 7 ) J 
END > 

end; 



'Y'* > 



t-H *-l 



PR OCEDURE 3L TT3 5 ON ; 

VAR Kl-.PTR; 

3fgin 

FA THIR : =£~ . PARENT ; 

IF FATHER"' . v IIILF = m I L THEN (-FATHER HAS TViO SONS-) 
3ZGIN 

J:=FATHIR"\LEET; 

if j"'.m:ile <> nil then (-left brother has e sons-; 

3EGIN 

E"'.FIGHT:=U"'.LZFT; 

k"\left :=j"\ right; 

K"' . LEFT"' . FAR EN T : =X ; 
j"'. RIGHT :=J~ .MET LEI 
j"' .MIDDLE : =N IL; 



IF H~.LERT~.COUN? <> I? THEw ( - ADJUST L AND M VALUES-) 
BEGIN 

k~.m:=k~. right"'. i v ; 

H~ . L : =U~. LEFT"' . r. I 
ENE 



BEGIN 

VI : =H~. LEFT 
UPDATE (HI); 
R . L:=H 1 . F 
El!=E~.RIGH 
UPLATE ( 51 ) J 

e~.m:=ui~.r 



END J 

FATHER"'. L:=J~.M 

eathff~., v :=k~.m 

LrlLF FA T HER~ . RAF TNT <> NIL SO 
BEGIN 

FA.TaiF : = FAT HER. . PARFN T » 

IF FATHER"' . MLT LE = NIL THEN FATUFR~. M : =E~ .M * 

enl; 

END 

ELSE (- LEFT BROTHER HAS TWO SONS -) 

BEGIN 

J"\MLDLE:=J"\RIGHT; 

J .RIGHT: =U .L^7T» 

J~. RIGHT"'. ?ARENT:=j; 

FATHER"' .FIGHT : =N IL» 

H : =FATUFR »’ 

IF K = RCCT TEE;. (- WE REACHEF THE ROOT -■ 

BEGIN 

ROOT :=ROCT"'. LEFT; 

ROOT"'. PARENT :=i\IL; 

END 

ELSE SUFSON ; (-NOT REACHED TO ROOT, FATHER nAS ONE SON-) 

end; 



ELSE (-FATHER HAS 2 SON -) 

BEGIN 

J : =FATHER~. Mil DLE ; 

IF J".MDDLE=NIL THEN (^KU'HLE BROTHER HAS TWO SONS-) 
BEGIN 

J~.^IE'LE :=j". RIGHT; 

J .RIGHT : =E .LEFT J 

J~. RIGHT''. FARSi\T:=j; 

x ATEER". RIGHT :=FATE2R"\MIEELE ; 

FATHER"'. MDDL2s=NIL; 

FATHER"' . M : =K"' . L J 

WHILE FATHER"'. PARENT O NIL LO 

BEGIN 

FATHER : =E A THER"' . PARENT J 

IE FATHER"'. MILLIE = NIL THEN FATHZR"' . i v : . LJ 

END ; 
x. N i/ 



ELSE (* MU ELS BROTHER HAS THREE SONS *) 

BEGIN 

K"'.RIC-HT:=K"'.LExT; 

X"'.LExT:=j"'. right; 
x"'.leet"'.parent:=x; 

J"'.RIGHT:=J"'.MIELLE; 

j^.yirrL^^NiL; 

:C"'.L:=K''.LEET"'.M; 

K"'. ^ R I GET"', r; 

WHILE FATHER"'. PARENT <> *11 EO 
BEGIN 

FA THER : ^AT^ER" .PARENT ; 

IF FATHER"'. MIDDLE = NIL TEEN FATHER"' . N : -K"' . M : 

end; 

end; 



end; 

nd; 



MOST NOEF-) 



PROCECURF LILIT? ; (-'REMOVES THE RIG" I 
BEGIN 



E:=B0CT; 

IT (X~ . LIET=N'II ' A NE (X".? I G?T=NI L ) 
ELSE 

I? (K".i“!iri)LZ=N IL ) ANE (X~. RIGHT 
BEGIN (* ! THERE ARE ONLY TM I 
MAX : =X" .RIG ET" . COON T ; 
?.".F.IG3T:=NIL; 

>PITELN(?RT, 'MAX: ',MAX)i 
IF X" . L£FI=N I L TEEN ( *THERE IS 
XRITELN(PRT, 'LAST ITEM.') 



T^EN WRITELN (FP.T, 'NO ITEM') 

".COUNT <> 2) THEN 
TEMS IM T^F CUIU T ** ) 

ONLY ONE ITEM IN TEE QUEUE* ) 



ELSE 

BEGIN 

X~.EIGET:=rT.LEET; 

K~.LEET:=NIL; 

end; 

END 

ELSE (* T-ERF ARE MOPE TRAN TWO ITEMS IN THE QUEUE *) 
BEGIN 

UPDATE CO : 

M A X : =K ~ . ? I G R T ~ . C 0 U K T ; 

UR ITELN ( ?RT , 'MAX: '.MAX) ; 

IE .MIDDLE = NIL THEN 5U3S0N (* Z HAS TWO SONS * ) 
ELSE (* E HAS TEPEE SONS *) 

BEGIN 

X~.*IGET:=N IL; 

EIGHT :=K~. MIDDLE? 

.MIDDLE : =N II ; 

N E W M A X : = . R I G E T ~ . C C U N T ; 

V.HILE X". PARENT <> NIL DO 
BEGIN 

parent; 

IE Y~. MIDDLE = NIL THEN K~. M : -NEWMAX » 

end; 




PROCEDURE BEST; ('-RETURNS RIGHT MOST ITEM. IN THE QUEUE* ) 
VAR rRTYiPT?; 

BIG: INTEGER; 

3 EG I N 

PRTY:=ROOT; 

IE ? RT Y ~ . R I C- ET <> NIL TnEN 
BEGIN 

UPDATE (?PTY); 

BIC- : =?RT Y~ .RIGHT"' .COUNT; 

WRI7ELN(?ET /HIGHEST PRIORITY IN QUEUE IS : '.BIG); 

END 

ELSE WRITELN (PRT, 'QUEUE IS EMPTY..'): 



BEGIN (*MAIN*) 

RFVRITE (FPT , 'CON SOLI: ') J 
SE2E:=0.20eeo; 

N3p: =07 
H:=7ALSP; 

VEIL! NIP <250 TO 

non 

HP 4 D 'COM ) ; 

II con = ' I ' THIN (* INSERT COM KANT * > 

310 IN 

ND? : = m p o j- i ; 
iu U v : =P 4 N T C K I 
INSIPT(NUK) ; 

INT 

ELSE 

n CO""! = 'D' THIN (* DILFT I COMMAND *) 

BEGIN 

N3R:=NIR-i; 

delete; 

INI 

ELSE 

IE CC V D = '3' THEN 3EST (* EIND HIGHEST PPIORTY*) 
ELSE V.PITELN (PET f 'INVALI l COMMA NT ' ) ? 

ENT; 

END. 
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H. FIXED PRIORITY 

(* T P IS IS T-E I Y PL p YF N TA. T I n M OF A PRinpiTY Ql Tp UF P Y '-) 
(* USING A FIX PRIORITY PROPERS. A TATA TY^F RECORD * ' 
('* IS USED TO REPRESENT TH r NODES. T EF ID~EIELD IN* * ) 
(*'. TH T RFCOPD INDICATES T n F I DFMIMC ATI ON OF A ITEY.*) 

F ROGRAY FIXPRTY? 

CONST V AX= 50 ; 

N = 13 ; (-NUYPFR OF DIFFERENT PRIORITIES-) 

Y= 2 S! 

rn VUT 3 'T , ‘O=^*0 I ^ > 

C I ?=RFCO TJ I 

IP: integer; 

N EXT : T J 

FNT ; 

N OEZ=RECCRr 

FIRST, LA ST: ~C IT; 

FNI ; 

A = S E T OF 1 . . Y; 

VAP 3 : ARRAY [13 . .YJ OF NODI; ( -INDEX C* EXTERNAL NOTES-) 
T 0 TA I : A ? 

FEIGTE , X , V AXI v , N U v ,?RTY,X: INTEGER; 

COYD: CHAR? 

sffc:rfal; 

Y,Z:PTR? 



PROCEDURE INSERT(K: INTEGER); (- INSERTS THE NET NODE -) 

BEGIN 

N l TV : =N U Y. + 1 * 

NEa (Y); (^CREATE NEV T NnpE FOR Ft’ I TEY* ) 

Y~ . 1 1 : =22 ? f -NEW ITEY IDENTIFICATION-) 

y~.nzxt:=nil; 

IF R [X] .LAST* ML THEN 

REG IN (-FIRST ITEY IN THIS FRI^HTY-) 

3 [El . FI RST : =Y ? ( -LIN X NEW ITEY.-) 

P [H .lastly; 

REPEAT (-SET UP ARRAY ALONG PATH T-PU ROOT-) 

TOT AL: =TOTA L + [X]; 

K:=K DIV 2; 
until x=e; 

END 

ELS? (-TRE P E IS ATLEAST Owe ITEY IN THIS PPI0RTY-) 

TJ?r T M 

p rx] .LAS^^.N iXT:=Y; ( -LI N X NEW ITEY AS LAST ITEY-) 
p [X] . LA ST : =Y » 



procedure delete; (* re y ovzs the node v:ith 

V flT3 J : IN TZGZR I 
? Z C I N 

IT NOT Pi IN TOTAL ) THEN VIRITELN ( 'NC 
ZLS P 
EEC I \' 

N U M . : =NU y -II 



HIGHEST PKTY . * 
ITZ V IN OUZUZ' 



J: = l» 

T .’ El LZ J < N ro 

p ZGIN (* ^IND TEZ HIGHEST PRIORITY IN CUEUE*) 

J : =2- J I 

IZ J + l IN TOTAL THEN’ J:=J + 1J (-GO T-RU RIGHT SON* 
END: 

IE ? [J] ,EI P S T <> 73 [J] . L ft ST THEN (-TEZPZ ARZ AT LEAST 
B r T] # PIHST :=P [:] .3 IRST^.NEZT (*IT py t n THIS PRIOR? 
ELSE 

PEG I N ( -T^ZRZ IS ONLY ONE I TEN: IN T^IS PRIORITY 

v [ j] .ZIPS T : =N IL I 
75 [J] . L A S T : = N III 
?OT fl I:=TOT fi L - [J] ; 

RE PE AT 



1^ (J y CD ?) = ? TEEN 

REGIN (-V’E ARE ON T P E LE^T SON. SINCE RIGHT SON 
J : = J RIV Pi (- "EP-O . S V T ITS ROOT ZE P C* 

TCT.a L := m OTAL- [J] I 
END 
ELSE 



I? J-l IN TOTAL TEEN J:=1(-7E ARE ON THE RIGHT 
ELSE (-DON'T CHANCE ITS 

P^GIM (-LZZT SON IS ZERO SET p OCT z^O*} 

J : = J DIE PI 
TOTAL :=TOiTAL-[Jl J 
ENT I 

UNTIL J=i; (- V. Z REACHED ROOT , TIE V INATZ . .-) 

end; 

ZN 1 1 

znd; 



JUNCTION P A \" r : I NT p GZ p I ( -C-ZNZ 13 . 4 TZS P ANTON N U M ? r p S - ; 
PEG IN 

SEED: = S E 77 D - P7.1RP913 31.41P317I 

S P ZD : =SZZD — TR T7 NC 'S^^T ) » 

RA N v C y i = 1 + m RU f! C ( N * S Z v I ) > 

END! W 



•or: qc t 'T' tt pTJ INT) 

VAR V: INTEC* I?5 

T3 ?H T M 

ZCR V : =1 TO r DO 
P ZG I N 

IZ V IN TCTAL THEN HRI7I(V,' ') 
ELSE TRITE ( ' =' ) I 

end; v;r:tzln; 

END I 



1 3 3 T 



) 

) 



) 

P-) 

Vijl \ 
sis ) 

T S * ' 
)■ 

SON * ^ 
POCT- } 




TO m AI : = [] T 

?0 V X:=ll T 0 y "DC 

pfgin (~ EXTERN a I X’or^S *) 

t [ r] .FIRST: =V II * 

B [X] .LAST:=NIi; 

end; 

EEICTE: =2; 

X:=M ; 

REPEAT (~ FIN’D (EFIC-HT-l) OE TREE 11 '') 

*X:=X nv 2 ; 

EEIGTH: =HEIGTH 1* 

UNTIL ~X=1 i~ 
yirjv : = 2 j 

REPEAT (*EI\’D RIGHT M;0S T POSIxICN ON (EEIOET-1 )* ) 
MAXIM: =2 * MAXIM* 

FEICTH:=HEICTH - l; 

UNTIL ^EIGTH=?I 
MAXIM:=MAXIM - l; 

WHILE NU y < VJ X EC 
BEGIN 

VR I TE ( '>' ) ; 

REAHN (CO*T) : 

IT cc ^ r = TEEN 

-EG IN 

RRTT : =?.A MD^M ; V r ? I T E I N ( 'RANDOM: ' , PRTY ^ ; 

X:=MAJIM. + PPTY ; "( Jp ?R0P T ? INDEX E A R TH T NET ITEM*') 

JT XT \ K> TTTT\' 

EEC IN 

X :=(X- M ) + ( M-l ) f 

insept(e) ; 

END 

^LSE riSEPT(X); 

ENT 

ELSE 

I t CC V D = 'L' T r E 'j D r LET Tr 
ELSE V? ITFLN ( "INVALID COMMAND'); 
print; 
end; 

END . 
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